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Abstract Gaujal, Haar and Mairesse proved in 2003 that every cluster
in a live, bounded, free-choice Petri net system has a blocking marking,
i.e., a marking which enables only the transitions of the cluster. More-
over, for each cluster, this blocking marking is unique and reachable from
every state of the system. In this paper, we study live, bounded, free-
choice systems that, in addition, possess a home cluster, i.e., a cluster
whose blocking marking only marks the places of the cluster. Prototyp-
ical examples are sound free-choice workflow nets, the standard model
class in process mining. Our main result shows that in such systems,
shortest firing sequences to blocking markings have linear length. More-
over, we obtain a quadratic upper bound on the length of shortest firing
sequences between arbitrary markings. Both results strongly improve
known bounds of Desel and Esparza for live, bounded, free-choice sys-
tems in presence of a home cluster. Furthermore, we show that each
transition can be enabled via an elementary firing sequence, i.e., a firing
sequence which contains at most one transition from every cluster. As an
important technical contribution, we show that CP-subnets are acyclic
or intersect the home cluster. These insights might be of independent
interest for future research on free-choice systems.

Keywords: Petri Nets · Free-Choice Petri Nets · Home Cluster · Block-
ing Marking · Reachability · Process Mining

1 Introduction1

We study live, bounded, free-choice Petri net systems (lbfc-systems). Recall2

that a Petri net system is live, if at each state, every transition can be enabled3

eventually; it is bounded if there is a global constant b ∈ N such that no place4

contains more than b tokens in any reachable marking; and it is free-choice if all5

pairs of transitions either share all or none of their input places.6

lbfc-systems enjoy several useful algorithmic and structural properties. For7

instance, they allow for a combinatorial, graph-theoretic characterization of their8

recurrent states. To be precise, Best et al. [7] proved that home markings (i.e.,9

markings to which the system can return from every reachable state) in lbfc-10

systems can be characterized by so-called traps, which are sets of places that,11

https://orcid.org/0000-0002-3215-7251
https://orcid.org/0009-0004-6302-4445
https://orcid.org/0000-0002-0955-6940


2 C. T. Schwanen et al.

once marked, cannot get unmarked. Since maximal unmarked traps can be12

computed via a polynomial-time fixed-point process, this gives rise to efficient13

(polynomial-time) algorithms to analyze lbfc-systems. As one application, it14

becomes tractable to decide if an lbfc-system is cyclic (i.e., whether the initial15

marking is a home marking). Note that such behavioral properties of systems16

are usually very hard to compute, so it is quite beneficial to have such efficient17

algorithms at hand (see, e.g., [15, 16]). Another remarkable property of lbfc-18

systems is that the diameter of their reachability graph is polynomially-bounded19

in the size of the system and the place-bound b. In fact, as Desel and Esparza20

[12, 13] established in their Shortest Sequence Theorem whenever two markings21

are reachable from each other, then there exists a connecting firing sequence22

with length O(b ·n3) where n is the number of transitions and b the place-bound23

of the lbfc-system. A third notable result on lbfc-systems is due to Gaujal24

et al. [19] and is known as the Blocking Theorem. It states that for every cluster25

in an lbfc-system (i.e., sets of transitions with the same input places), there26

exists a unique blocking marking that enables only the transitions of the cluster.27

Moreover, this blocking marking is reachable from every reachable marking of28

the system and without firing any transition of the cluster itself. Uniqueness29

implies that whenever a marking enables only a single cluster, it coincides with30

the blocking marking of that cluster already. This means that the state space of31

an lbfc-system, when restricted to blocking markings, is in a one-to-one corre-32

spondence with the clusters of the system (in particular, it is linearly bounded33

in the number of transitions). Of course this raises many questions, for example,34

of how this “simple” part of the state space is connected to the remainder of35

the system or how we can reach this part as fast as possible. We study these36

questions in the present paper.37

Given such outstanding properties of lbfc-systems, it is not surprising that38

they found numerous applications also in related areas of computer science, such39

as process mining [6, 9]. Here, algorithmic problems involving large amounts of40

event data have to be solved efficiently. Process models, which are often based on41

Petri nets, play a central role in this context. In particular, sound workflow nets,42

a prominent subclass of live and bounded Petri net systems, tailored for business43

process modeling, are nowadays the de-facto standard for models in the process44

mining community [2–5]. Since sound workflow nets are live and bounded already,45

by adding the free-choice restriction, we obtain a subclass of lbfc-systems to46

which we can apply the host of structure-theoretical and algorithmic results47

such as the ones outlined above. This route has been investigated by several48

researchers in the process mining community, see, e.g., [1, 18, 20, 21], and has49

lead to important algorithmic improvements.50

While this shows how Petri net theory helps to solve problems in different51

application domains, the converse is true as well: notions arising, e.g., in the area52

of process mining, can lead to new insights on the underlying Petri net model.53

A prominent example is the concept of home clusters, which originated from54

the work on the workflow net model in the process mining community. A home55

cluster in a free-choice Petri net is a cluster whose (unique) blocking marking56
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only marks the places of the cluster itself. This means that the transitions in a57

home cluster bind all tokens such that no tokens are left outside the cluster. The58

consequence is that a home cluster captures the idea of having a “regeneration59

point” of the system which can serve as a “terminal/initial state”, i.e., a state60

where the system completes its computation or restarts afresh. In fact, in sound61

workflow nets, one requirement is that the model has the option to complete62

which corresponds to the existence of a home cluster (where the net reaches its63

final marking). While home clusters clearly have practical motivation, they also64

have very interesting structure-theoretical properties. As the third author proved65

in a series of articles [2–5], the effect of having a home cluster alone in combina-66

tion with the free-choice assumption is sufficient in order to guarantee lucency of67

the system. Lucency is a generalization of the blocking marking property saying68

that each (reachable) marking is uniquely determined by the set of enabled tran-69

sitions. In other words, it is impossible to have two different reachable markings70

that enable the same set of transitions. An immediate consequence is that the71

state space of a free-choice system with a home cluster is finite, i.e., the system72

is bounded.73

By combining these threads together, we see that sound free-choice workflow74

nets are lbfc-systems with a home cluster, and the presence of the home cluster75

has strong structural implications. Another consequence of liveness and the home76

cluster property is, for example, that sound workflow nets are cyclic, i.e., that the77

initial marking is a home marking that can be visited again and again. For cyclic78

lbfc-systems, in turn, Desel and Esparza [11] proved that their reachability sets79

consist of all those markings which agree on all S-invariants and mark each80

proper trap (both properties which can be checked efficiently). This makes the81

fundamental problem of reachability for sound free-choice workflow nets solvable82

efficiently.83

Motivated by these results, we continue the study of lbfc-systems with a84

home cluster (which includes sound free-choice workflow nets). We focus on the85

question of how efficiently blocking markings can be reached in such systems, i.e.,86

we ask for the length of shortest firing sequences to blocking markings—that is,87

sequences which cannot be shortened by permuting and/or removing transitions.88

Our motivation comes twofold: first, blocking markings are a fundamental con-89

cept in the theory of free-choice systems, and understanding how efficiently they90

can be reached is of theoretical interest. Second, in algorithmic contexts such91

as process mining, it is often necessary to construct firing sequences to block-92

ing markings (e.g., when replaying event logs on process models), and having93

good upper bounds on the length of such sequences is important for performance94

guarantees. Of course, there can be shortest firing sequences of different lengths,95

so another question is: what is the minimal length of a shortest firing sequence96

to a blocking marking? We already have a cubic upper bound due to Desel and97

Esparza’s Shortest Sequence Theorem [12, 13], but one could hope that this98

bound can be improved by the presence of a home cluster.99
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2 Preliminaries100

In this paper, N := {0, 1, 2, . . .} denotes the natural numbers (including 0). Let101

us fix our notation for the basic Petri net concepts used throughout the paper.102

Definition 1 (Indicator Function). Let A be a set and let B ⊆ A. The103

function χB : A → {0, 1}, defined by104

χB(x) :=

{
1 x ∈ B,

0 x /∈ B,

is the indicator function (or characteristic function) of set B. As a special case,105

we have, χ∅ =: 0 where 0 is the zero function mapping every element of A to 0.106

Definition 2 (Multiset). A multiset M over a set A is a function M : A → N;107

thus, for any a ∈ A, M(a) indicates the multiplicity of a in the multiset M . The108

set of all multisets over A is given by NA. We also use the notation
[
aM(a)

∣∣ a ∈ A
]

109

for a multiset M ∈ NA. Any set B ⊆ A can be considered a multiset using110

its indicator function, i.e., χB =
[
b1

∣∣ b ∈ B
]
= [b ∈ B] ∈ NA. For multisets111

M,M ′ ∈ NA, we use the standard notation for functions, e.g., M+M ′, M ≤ M ′,112

etc. The support (or domain) of a multiset M ∈ NA, denoted by ⟨M⟩, is the set113

of elements contained in M , i.e., ⟨M⟩ := {a ∈ A |M(a) > 0}. The restriction of114

a multiset M ∈ NA to a set B ⊆ A is the multiset M |B :=
[
aM(a)

∣∣ a ∈ B
]
∈ NB

115

containing only the elements of B.116

Whenever we compare or operate with multisets M ∈ NA and M ′ ∈ NB over117

different domains A and B, we implicitly assume that they are first extended118

with 0 for each item of A ∪B not in their domain.119

Definition 3 (Sequence, Parikh Vector, Permutation). Sequences with120

index set I over a set A are denoted by σ = ⟨ai⟩i∈I ∈ AI . The length of a sequence121

σ is written as |σ| and the set of all finite sequences over A is denoted by A∗.122

Given two sequences σ and σ′, σ ·σ′ (or σσ′ in short) denotes the concatenation123

of the two sequences. The restriction of a sequence σ ∈ A∗ to a set B ⊆ A124

is the subsequence σ|B of σ consisting of all elements in B. The Parikh vector125

of a sequence σ ∈ A∗, denoted by σ, is its multiset representation defined by126

σ(a) :=
∣∣σ|{a}∣∣ for every a ∈ A, and ⟨σ⟩ provides the support of σ. A sequence127

σ′ ∈ A∗ is a permutation of σ if and only if σ′ = σ.128

Definition 4 (Petri Net). A Petri net N is a bipartite directed graph N =129

(P, T, F ) where P and T , P ∩ T = ∅ are disjoint finite sets of vertices and130

F ⊆ (P × T ) ∪ (T × P ) is the set of arcs. In a Petri net, P is called the set of131

places, T the set of transitions, and F the flow relation. Given a vertex v ∈ P ∪T ,132

its pre-set •v and post-set v• are defined by •v := {u ∈ P ∪ T | (u, v) ∈ F} and133

v• := {u ∈ P ∪ T | (v, u) ∈ F}. With regard to a place (transition), its pre- and134

post-set are also called input and output transitions (places). This •-notation is135

extended to a set of vertices V ⊆ P ∪ T by •V :=
⋃

v∈V •v and V • :=
⋃

v∈V v•.136
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Definition 5 (Incidence Matrix of a Petri Net). Let N = (P, T, F ) be a137

Petri net. Its incidence matrix N : (P × T ) → {−1, 0,+1} is defined by138

N(p, t) :=


−1 if (p, t) ∈ F ∧ (t, p) /∈ F,

+1 if (p, t) /∈ F ∧ (t, p) ∈ F,

0 otherwise.

Definition 6 ((Induced) Subnet). Let N = (P, T, F ) be a Petri net. N ′ =139

(P ′, T ′, F ′) is a subnet of N if P ′ ⊆ P , T ′ ⊆ T , and F ′ = F∩((P ′×T ′)∪(T ′×P ′)).140

Note that a subnet is always an induced subnet (since F ′ contains all arcs of F141

between the nodes in P ′ ∪ T ′). For a set of nodes V ⊆ P ∪ T , we denote this142

(induced) subnet as N [V ] given as N [V ] := (P ∩ V, T ∩ V, F ∩ (V × V )).143

Definition 7 (Free-Choice Petri Net). A Petri net N = (P, T, F ) is free-144

choice if any two transitions either share all or none of their input places, i.e.,145

∀t, t′ ∈ T : •t = •t′ ∨ •t ∩ •t′ = ∅.146

Definition 8 (Marking, System, Firing Rule). Given a Petri net N =147

(P, T, F ), a marking M ∈ NP is a multiset where M(p) is the number of tokens148

at place p ∈ P . A place p ∈ P is marked at M if M(p) > 0. The pair (N,M) of a149

Petri net N = (P, T, F ) and a marking M ∈ NP is called a system. A transition150

t ∈ T is enabled in M , denoted by (N,M)[t⟩, if and only if each of its input151

places p ∈ •t is marked, i.e., M ≥ χ•t. An enabled transition may fire, denoted152

by (N,M)[t⟩(N,M ′), and firing results in a new marking M ′ := M − χ•t + χt•.153

A sequence of transitions σ = ⟨ti⟩ni=1 ∈ T ∗ is called a firing sequence of154

(N,M) if for every transition ti of the sequence holds that (N,Mi−1)[ti⟩ and155

(N,Mi−1)[ti⟩(N,Mi) where M0 = M and Mn = M ′. Firing such a sequence156

is denoted by (N,M)[σ⟩(N,M ′). The empty sequence ⟨⟩ is always enabled and157

firing the empty sequence leaves the marking unchanged, i.e., (N,M)[⟨⟩⟩(N,M).158

A marking M ′ is reachable if a firing sequence σ ∈ T ∗ exists such that M ′ is the159

resulting marking, i.e., (N,M)[σ⟩(N,M ′). The set of all reachable markings of160

(N,M) is defined by [N,M⟩ :=
{
M ′ ∈ NP

∣∣ ∃σ ∈ T ∗ : (N,M)[σ⟩(N,M ′)
}
.161

Definition 9 (Boundedness, Safeness). Given some k ∈ N, a system (N,M0)162

with N = (P, T, F ) is k-bounded if k is a bound for any reachable marking, i.e.,163

∀M ∈ [N,M0⟩ : ∀p ∈ P : M(p) ≤ k. (N,M0) is safe if it is 1-bounded.164

Definition 10 ((Quasi-)Liveness). Let (N,M0) with N = (P, T, F ) be a165

system. A transition t ∈ T is quasi-live if there exists a reachable marking166

M ′ ∈ [N,M0⟩ which enables t. A transition t ∈ T is live if it is quasi-live for every167

reachable marking M ∈ [N,M0⟩, i.e., ∀M ∈ [N,M0⟩ : ∃M ′ ∈ [N,M⟩ : (N,M ′)[t⟩.168

A system (N,M0) is (quasi-)live if every transition t ∈ T is (quasi-)live.169

Definition 11 (Well-Formedness). A Petri net N is well-formed if there ex-170

ists a marking M0 of N such that (N,M0) is a live and bounded system.171

Definition 12 (lbfc-System). We denote systems (N,M0) which are live, (b-172

)bounded and free-choice systems as lbfc-system. Note that the place bound b173
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may vary across different lbfc-systems, but is, of course, fixed for each individual174

lbfc-system.175

Definition 13 (Home Marking, Cyclic System). Let (N,M0) be a system.176

A marking M ∈ [N,M0⟩ is a home marking if it can be reached from any177

reachable marking, i.e., ∀M ′ ∈ [N,M0⟩ : M ∈ [N,M ′⟩. A system (N,M0) is178

cyclic if its initial marking M0 is a home marking.179

Definition 14 (Cluster). Let N = (P, T, F ) be a Petri net and let v ∈ P ∪ T .180

The cluster of v, denoted by [v]C , is the minimal set of places and transitions181

that includes182

– v, i.e., v ∈ [v]C ,183

– all output transitions of contained places, i.e., ∀p ∈ [v]C ∩P : p• ∈ [v]C , and184

– all input places of contained transitions, i.e., ∀t ∈ [v]C ∩ T : •t ∈ [v]C .185

The set of all clusters of N is defined by [N ]C := {[v]C | v ∈ P ∪ T}.186

It is not hard to show that the set of clusters forms a partition of the set P∪T187

(see [12, Proposition 4.5]). What is more, in free-choice Petri nets, clusters have188

a very simple structure: they consist of a set of places and a set of transitions189

such that all places are connected to all transitions as input places and vice versa190

(i.e., they form a complete bipartite subgraph). Also the cluster of an element191

x ∈ P ∪ T can be determined quite easily: [x]C = •x ∪ (•x)• if x is a transition,192

and [x]C = x•∪•(x•) if x is a place. As a consequence, in free-choice Petri nets,193

if one transition of a cluster is enabled in some marking, then all transitions of194

the cluster are enabled in that marking (see [12, Proposition 4.6]).195

3 Shortest Enabling Sequences in T-Systems196

As a warmup, we start our analysis of shortest sequences with what we call en-197

abling sequences, i.e., sequences that enable a given cluster from some reachable198

marking (and have minimal length with this property). The motivation is as199

follows: if we want to reach a blocking marking of some cluster, there are two200

steps involved. First, we need to enable the cluster (if it is not enabled already),201

and second, we need to disable all other clusters different from the target cluster.202

Thus, understanding how to enable clusters efficiently is an important building203

block for reaching blocking markings. Moreover, we start our investigation with204

live T-systems (instead of considering full lbfc-systems). This first step is justi-205

fied by the fact that T-systems are, in a precise sense, the basic building blocks of206

lbfc-systems as shown by Desel and Esparza [12, Chapter 7] building on earlier207

results due to Esparza [14] and Esparza and Suárez [17]. Let us start with the208

two basic definitions of enabling sequences and T-systems.209

Definition 15 (Enabling Sequence). Let (N,M0) with N = (P, T, F ) be a210

system. For a transition t ∈ T and some reachable marking M ∈ [N,M0⟩, a firing211

sequence σ ∈ T ∗ enabled at M is a t-enabling sequence (from M) if it results in212
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a marking that enables t, i.e., (N,M)[σ⟨t⟩⟩. A t-enabling sequence η ∈ T ∗ is a213

shortest t-enabling sequence if no strict (permuted) subsequence σ ∈ T ∗, σ < η,214

is t-enabling as well.215

In other words, a shortest t-enabling sequence enables t and cannot be short-216

ened by removing transitions or permuting them. Of course, shortest t-enabling217

sequences never contain t itself:218

Proposition 1. Let (N,M0) with N = (P, T, F ) be a system. Let t ∈ T be219

some transition and let σ ∈ T ∗ be a shortest sequence that enables t, i.e.,220

(N,M0)[σ⟨t⟩⟩. Then, t /∈ ⟨σ⟩.221

A T-net is a Petri net where each place has exactly one input and one output222

transition (in particular, T-nets are free-choice).223

Definition 16 (T-Net, T-System). A Petri net (P, T, F ) is a T-net if every224

place has exactly one input and one output transition, i.e., ∀p ∈ P : |•p| = 1 =225

|p•|. A system (N,M) is a T-system if N is a T-net.226

T-systems cannot express choices (conflicts) between transitions. As a matter of227

definition, no pair of transitions t, t′ ∈ T, t ̸= t′ can compete for tokens from the228

same input places (formally: •t ∩ •t′ = ∅). In general, firing sequences in which229

all pairs of transitions satisfy this property are known as biased firing sequences230

and have been studied by Desel and Esparza [12, 13]. We recall some of their231

results and apply them to shortest enabling sequences in live T-systems.232

Definition 17 (Biased Firing Sequence). Let (N,M0) with N = (P, T, F )233

be a system. A firing sequence σ ∈ T ∗ is biased if •t ∩ •t′ = ∅ for every two234

distinct transitions t, t′ ∈ ⟨σ⟩, t ̸= t′ that occur in σ.235

Lemma 1 ([12, Lemma 3.23, 13, Lemma 3.2]). Let (N,M0) with N = (P, T, F )236

be a system. Let t ∈ T be some transition and let σ1σ2⟨t⟩ be a biased firing237

sequence such that σ1, σ2 ∈ (T \ {t})∗ be two firing sequences with ⟨σ1⟩ ⊇ ⟨σ2⟩.238

If (N,M0)[σ1σ2⟨t⟩⟩(N,M), then also (N,M0)[σ1⟨t⟩σ2⟩(N,M).239

Lemma 2 ([12, Lemma 3.24, 13, Lemma 3.3]). Let (N,M0) with N = (P, T, F )240

be a system and let σ ∈ T ∗ be a biased firing sequence. Then, there exists a241

permutation σ′ of σ with σ′ = σ such that σ′ = σ1σ2 with σ1 ≤ χT and242

⟨σ1⟩ ⊇ ⟨σ2⟩.243

There is another way to rearrange biased firing sequences: every first occurrence244

of a transition that is already enabled in the current marking can be moved245

forward.246

Lemma 3. Let (N,M0) with N = (P, T, F ) be a system. Let t, t′ ∈ T, t ̸= t′ be247

two distinct transitions and let ⟨t⟩σ⟨t′⟩ be a biased firing sequence such that σ ∈248

(T \{t, t′})∗ and (N,M0)[⟨t⟩σ⟨t′⟩⟩(N,M). If t′ is enabled in M0, i.e., (N,M0)[t
′⟩,249

then also (N,M0)[⟨t′, t⟩σ⟩(N,M).250
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Figure 1. A live T-system for which the bound in Theorem 1 is tight.

Proof. Since (N,M0)[t
′⟩, M0 ≥ χ•t′ and because ⟨t⟩σ⟨t′⟩ is biased, neither t251

nor any transition occurring in σ has one of the places •t′ as input place, i.e.,252

•t′ ∩ (•t ∪ •⟨σ⟩) = ∅. Thus, their occurrences do not disable t′ and vice versa.253

Hence, (N,M0)[⟨t′, t⟩σ⟩(N,M).254

⊓⊔

With Lemmas 1 and 2 we can already show how to shorten biased enabling se-255

quences such that we obtain an enabling sequence which contains each transition256

at most once.257

Lemma 4 (Biased Enabling Sequence Lemma). Let (N,M0) with N =258

(P, T, F ) be a system. Let t ∈ T be some transition and let σ ∈ T ∗ be a biased259

sequence that enables t, i.e., (N,M0)[σ⟨t⟩⟩. Then, there exists a (permuted) sub-260

sequence η ∈ (T \ {t})∗ with η ≤ σ such that (N,M0)[η⟨t⟩⟩ and no transition261

occurs more than once in η, i.e., η ≤ χT\{t}.262

Proof. Let us assume that t /∈ ⟨σ⟩ (otherwise choose the prefix before the first263

occurrence of t as σ). According to Lemma 2, there exists a permutation σ′ ∈264

(T \{t})∗ of σ with σ′ = σ such that (N,M0)[σ
′⟨t⟩⟩ and σ′ = σ1σ2 with σ1 ≤ χT265

and ⟨σ1⟩ ⊇ ⟨σ2⟩. Then, also (N,M0)[σ1⟨t⟩σ2⟩ according to Lemma 1. Choose266

η = σ1 and the claim follows.267

⊓⊔

Since all firing sequences in T-systems are biased, we can apply the result above268

to live T-systems:269

Theorem 1 (Shortest Enabling Sequence Theorem). Let (N,M0) with270

N = (P, T, F ) be a live T-system and let t ∈ T . Then, there exists a t-enabling271

sequence η ∈ (T \ t)∗ which fires each transition at most once, i.e., η ≤ χT\{t}.272

Proof. Since (N,M0) is live, there exists a shortest t-enabling sequence η ∈ T ∗.273

Because N is a T-net, every firing sequence in (N,M0) is biased, including η.274

Hence, the claim follows by Lemma 4 (since η was chosen to be minimal).275

⊓⊔

Note that Theorem 1 does not only prove the existence of a shortest enabling276

sequence in a live T-system with length of at most |T | − 1, but establishes the277

more general result that every shortest enabling sequence satisfies this bound.278
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Figure 2. An lbfc-system with two different shortest t-enabling sequences ⟨t1⟩ and
⟨t2, t3⟩ of different lengths.

Also, it is easy to see that this bound is tight: in the live T-system in Figure 1279

every other transition in T must fire to enable transition t.280

Actually, for the case of T-systems, we can show an even stronger result: all281

shortest t-enabling sequences are permutations of each other, i.e., their Parikh282

vectors are identical. This means that in a live marking of a T-system each283

transition t has a canonical enabling sequence (up to the order of transitions).284

Proposition 2. Let (N,M0) with N = (P, T, F ) be a live T-system and let285

η, η′ ∈ T ∗ be minimal t-enabling sequences for some transition t ∈ T , i.e.,286

(N,M)[η⟨t⟩⟩, (N,M)[η′⟨t⟩⟩. Then, η = η′.287

Proof. Let η, η′ ∈ T ∗ be two t-enabling sequences of minimal length. By Lemma 4,288

both sequences contain each transition at most once. We proceed by induction289

on |η| and show that η = η′. If t is enabled at M0 (i.e., |η| = 0), the claim holds290

trivially since both sequences are empty. Otherwise, there exists an unmarked291

place p ∈ •t. This place has a unique pre-transition tp ∈ •p since N is a T-net.292

Of course, this transition must occur in both sequences to mark place p. Hence,293

η and η′ have a least one common transition tp.294

Let η = α1⟨tp⟩α2 and η′ = β1⟨tp⟩β2. Using Lemma 3, we can rearrange α1⟨tp⟩295

and β1⟨tp⟩ into two sequences α1
1⟨tp⟩α2

1 and β1
1⟨tp⟩β2

1 such that α1
1 and β1

1 are two296

minimal tp-enabling sequences (which can be fired from M0). Since |α1
1| < |η|,297

we can apply the induction hypothesis and obtain α1
1 = β1

1 . Hence, α1
1⟨tp⟩ and298

β1
1⟨tp⟩ can be fired from M0 and result in the same marking M1. From here,299

the remaining sequences α2
1α2 and β2

1β2 are both t-enabling sequences from M1300

and |α2
1α2| < |η|. Thus, we can again apply the induction hypothesis and obtain301

η = η′.302

⊓⊔

Of course, we cannot hope for an analogous result for lbfc-systems. The303

reason is that choices (conflicts) can lead to completely different shortest enabling304

sequences (also of different lengths). A simple example is shown in Figure 2 where305

two incomparable shortest t-enabling sequences exist.306



10 C.T. Schwanen et al.

4 Homing Sequences and Disabling Clusters307

Before we turn our attention to enabling sequences in general lbfc-systems, we308

study how to disable clusters different from the target cluster. The key insight309

is that it is always possible to reach the home cluster of an lbfc-system from310

any reachable marking via an elementary homing sequence that fires at most one311

transition from each cluster. Later, such homing sequences can then be utilized312

in order to disable all clusters different from the target cluster. Home clusters313

have first been studied by the third author in a line of research on lucency [cf.314

4].315

Definition 18 (Home Cluster). Let (N,M0) with N = (P, T, F ) be a system.316

A cluster C ∈ [N ]C is a home cluster of (N,M0) if and only if the marking317

χC∩P ∈ NP is reachable and a home marking, i.e., ∀M ∈ [N,M0⟩ : χC∩P ∈318

[N,M⟩. If such a cluster C exists, we say that (N,M0) has a home cluster.319

A home cluster has strong implications on the underlying Petri net structure320

as we will show next. First, it is known that lbfc-systems can be covered by321

simple types of subnets, namely by so-called S- and T-components (see Theo-322

rems 3 and 4 below). An S-component is, in particular, a strongly-connected323

S-net, where an S-net is the dual concept to a T-net: each transition has exactly324

one input and one output place. In this way, S-nets cannot express concurrency325

(since transitions can neither synchronize on multiple input places nor distribute326

tokens to multiple output places). One immediate consequence is that the num-327

ber of tokens in an S-component is invariant and, since the lbfc-system is live,328

each S-component must contain at least one token. On the other hand, since329

a home cluster can be reached from any reachable marking, it must intersect330

all S-components (since in the marking of a home cluster all other places are331

unmarked). Let us make these ideas precise.332

Definition 19 (S-Net, S-System). A Petri net (P, T, F ) is an S-net if every333

transition has exactly one input and one output place, i.e., ∀t ∈ T : |•t| = 1 =334

|t•|. A system (N,M) is an S-system if N is an S-net.335

Definition 20 (S-Component, T-Component). Let N = (P, T, F ) be a336

Petri net. A subnet N [P ′ ∪ T ′] induced by the sets P ′ ⊆ P and T ′ ⊆ T is337

an S-component of N if it is a strongly-connected S-net and contains every in-338

put and output transition of a contained place, i.e., ∀p ∈ P ′ : •p ∪ p• ⊆ T ′. A339

subnet N [P ′ ∪ T ′] induced by the sets P ′ ⊆ P and T ′ ⊆ T is a T-component of340

N if it is a strongly-connected T-net and contains every input and output place341

of a contained transition, i.e., ∀t ∈ T ′ : •t ∪ t• ⊆ P ′.342

Proposition 3 ([12, Proposition 5.2 (2)]). Let (N,M0) be a system and let343

NS = (P ′, T ′, F ′) be an S-component of N . Then, for any two markings M ∈344

[N,M0⟩ and M ′ ∈ [N,M⟩,
∑

p∈P ′ M(p) =
∑

p∈P ′ M ′(p).345

Proposition 4 ([12, Proposition 5.12 (2)]). Let (N,M0) be a system and let346

NT = (P ′, T ′, F ′) be a T-component of N . Then, for any sequence of transitions347

σ ∈ T ′∗, (N,M0)[σ⟩(N,M) if and only if (NT ,M0|P ′)[σ⟩(NT ,M |P ′).348
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Theorem 2 (Activation of T-Components [12, Theorem 5.20]). Let NT =349

(P ′, T ′, F ′) be a T-component of an lbfc-system (N,M0) with N = (P, T, F ).350

There exists a firing sequence σ ∈ (T \ T ′)∗ with (N,M0)[σ⟩(N,M) such that351

(NT ,M |P ′) is live.352

Theorem 3 (S-Coverability Theorem [12, Theorem 5.6]). Well-formed free-353

choice Petri nets are covered by S-components.354

Theorem 4 (T-Coverability Theorem [12, Theorem 5.18]). Well-formed355

free-choice Petri nets are covered by T-components.356

Proposition 5. Let (N,M0) be an lbfc-system and let C ∈ [N ]C be one of357

its clusters. C is a home cluster only if it intersects all S-components (and this358

intersection contains precisely one place from the home cluster).359

Proof. Let us assume that there is an S-component NS = (P ′, T ′, F ′) of N =360

(P, T, F ) that does not intersect the home cluster C, i.e., P ′ ∩ C = ∅. That361

implies that the marking of the home cluster χC∩P does not mark any places362

in P ′. By Proposition 3, the number of tokens within an S-component is stable.363

Therefore, there is no possible marking M ∈ NP such that some place in P ′ is364

marked and C is a home cluster of the system (N,M). Thus, if C is a home365

cluster, (N,M0) cannot be live. This is a contradiction. Hence, C is not a home366

cluster if it does not intersect all S-components.367

Now, of course an S-component cannot contain two different input places368

from the home cluster (because then, it must contain a common successor tran-369

sition as well, contradicting the definition of an S-net). Also, the intersection370

cannot just contain a transition (since an S-component must contain some in-371

put place of each contained transition and this input place is part of the home372

cluster as well).373

⊓⊔

An immediate consequence is that an lbfc-system with a home cluster is safe:374

Corollary 1. Let (N,M0) be an lbfc-system with a home cluster. Then, (N,M0)375

is safe.376

Definition 21 (Homing Sequence). Let (N,M0) with N = (P, T, F ) be a377

system with a home cluster C ⊆ P ∪ T and let M ∈ [N,M0⟩ be some reachable378

marking. A firing sequence σ ∈ T ∗ enabled at M is a homing sequence if it379

results in the marking of the home cluster, i.e., (N,M)[σ⟩(N,χC∩P ).380

According to the definition of a home cluster (Definition 18), some homing se-381

quence always exists. Next, we show the much stronger result that for every382

marking a homing sequence can be constructed that contains at most one tran-383

sition per cluster (in particular, it is of length at most |[N ]C | − 1). We call such384

sequences elementary :385

Definition 22 (Elementary Sequence). Let (N,M0) with N = (P, T, F )386

be a system. A firing sequence σ ∈ T ∗ is elementary if it contains at most387

one transition per cluster and each transition t ∈ T occurs at most once, i.e.,388

∀t ∈ T :
∑

t∈[t]C
σ(t) ≤ 1.389
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Figure 3. Extension of the lbfc-system (N,M0) with home cluster C by a new tran-
sition t̄ /∈ T that reestablishes the marking M from the home cluster marking χC∩P .

Proposition 6. Elementary firing sequences are biased.390

In general, when we want to reach a blocking marking of a transition t, i.e., a391

marking that only enables [t]C , it might happen that, on our way, we encounter392

markings that enable t but also other clusters as well. For the home cluster,393

however, this is not possible as the following theorem states.394

Theorem 5 ([4, Theorem 5.5]). Let (N,M0) be a free-choice system with a395

home cluster C. If all places of the home cluster C∩P are marked at a reachable396

marking M ∈ [N,M0⟩, then they are the only places marked at M , i.e., ∀M ∈397

[N,M0⟩ : M ≥ χC∩P =⇒ M = χC∩P .398

As a last preparation, we require a result on the realizability of T-vectors in399

T-systems. It states that in a live T-system it is possible to construct a firing400

sequence that fires each transition exactly once (in some order).401

Lemma 5 ([8, Theorem 5.31, 10, Theorems 6 and 7]). Let (N,M) with N =402

(P, T, F ) be a T-system. (N,M) is live if and only if χT is realizable, i.e., ∃σ ∈403

T ∗ : (N,M)[σ⟩ ∧ σ = χT .404

We are now ready to prove the main result of this section.405

Theorem 6 (Shortest Homing Sequence Theorem). Let (N,M0) with406

N = (P, T, F ) be an lbfc-system with home cluster C and let M ∈ [N,M0⟩407

be a reachable marking. Then, there exists a homing sequence η ∈ (T \C)∗ from408

M such that η is elementary and thus of length at most |[N ]C | − 1.409

Proof. Because C is a home cluster, there exists a sequence η ∈ (T \C)∗ enabled410

in M and resulting in χC∩P , i.e., (N,M)[η⟩(N,χC∩P ).411

We can extend N with a transition t̄ /∈ T such that •t̄ = C∩P and t̄• = ⟨M⟩412

to retrieve the extended net N̄ = (P, T ∪ {t̄}, F ∪ {(p, t̄) | p ∈ C ∩ P} ∪ {(t̄, p) |413
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p ∈ ⟨M⟩}) as shown in Figure 3. Because we only added a transition, [N̄ ,M0⟩ ⊇414

[N,M0⟩ and because •t̄ = C ∩ P , N̄ is still free-choice. Note that χC∩P is a415

home marking of (N,M0) and also the only marking of (N,M0) that enables the416

home cluster. Since χC∩P ∈ [N̄ ,M0⟩, t̄ is enabled in χC∩P and firing results in417

M , i.e., (N̄ , χC∩P )[t̄⟩(N̄ ,M). But, because M ∈ [N,M0⟩, there are also no other418

markings in (N̄ ,M0) enabling the cluster of t̄. Hence, [N̄ ,M0⟩ = [N,M0⟩, and419

(N̄ ,M0) is also live and bounded and has a home cluster C ∪ {t̄}.420

Due to the well-formedness of N̄ and Theorem 4, there exists some T-421

component N̄T = (P ′, T ′, F ′) of N̄ covering t̄, i.e., t̄ ∈ T ′. By Theorem 2, this422

T-component can be activated by some firing sequence σ ∈ ((T ∪{t̄})\T ′)∗, i.e.,423

∃σ ∈ ((T ∪{t̄}) \T ′)∗ with (N̄ ,M0)[σ⟩(N̄ ,M ′) such that (N̄T ,M
′|P ′) is live and424

safe. Note that σ is also a firing sequence enabled in (N,M0), i.e., (N,M0)[σ⟩.425

Now, according to Proposition 4 there is also a firing sequence σ′ ∈ T ′∗ en-426

abled in M ′ that results in some marking which enables t̄, i.e., (N̄ ,M ′)[σ′⟨t̄⟩⟩.427

But, because of Theorem 5, χC∩P = χC∩P ′ is the only marking enabling t̄.428

Hence, (N̄T , χC∩P ′) is live and safe and firing t̄ results in M |P ′ = M , i.e.,429

(N̄T , χC∩P ′)[t̄⟩(N̄T ,M |P ′).430

Using Lemma 5, we can infer that χT ′\{t̄} is realizable from M in N̄ (because431

χT ′ is realizable from χC∩P ) and results in the marking of the home cluster432

χC∩P . Because our additional transition t̄ does not occur in χT ′\{t̄}, it is also433

realizable in N . Therefore, there exists a homing sequence η ∈ (T \ C)∗ such434

that η = χT ′\{t̄} and because T ′ contains at most one transition of each cluster,435

η is elementary and the claim follows.436

⊓⊔

With this preparation, we can show how clusters can be disabled by elemen-437

tary firing sequences in order to reach blocking markings.438

Definition 23 (Blocking Marking). Let (N,M0) with N = (P, T, F ) be a439

system. For some transition t ∈ T , a reachable marking M ∈ [N,M0⟩ is a440

blocking marking associated to t if t is enabled in M , i.e., (N,M)[t⟩, and every441

other transition either shares all of its input places with t or is not enabled in442

M , i.e., ∀t′ ∈ T : (N,M)[t′⟩ =⇒ •t′ ⊆ •t.443

Of course, in free-choice systems, blocking markings are associated to clusters444

(due to the free-choice property either none or all transitions of a cluster are445

enabled in a marking [cf. 12, Proposition 4.6]). Remarkably, in lbfc-systems,446

blocking markings are unique:447

Theorem 7 (Blocking Theorem [19, Theorem 3.1, 22, Theorem 2.4]). Let448

(N,M0) with N = (P, T, F ) be an lbfc-system. Then, every cluster C ∈ [N ]C449

has a unique blocking marking M ∈ [N,M0⟩ associated to it. Furthermore, M450

is a home marking which can be obtained from any reachable marking without451

firing a transition in C, i.e., ∀M ′ ∈ [N,M0⟩ : ∃σ ∈ (T \C)∗ : (N,M ′)[σ⟩(N,M).452

A much more general property can be shown in presence of a home cluster:453

the enabled transitions uniquely identify the current marking. This property was454

termed lucency by the third author [cf. 4].455
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Theorem 8 ([2, Theorem 3]). Let (N,M0) with N = (P, T, F ) be an lbfc-456

system with a home cluster and let M1,M2 ∈ [N,M0⟩ be two reachable markings.457

If M1 and M2 enable exactly the same transitions, i.e., {t ∈ T | (N,M1)[t⟩} =458

{t ∈ T | (N,M2)[t⟩}, then M1 = M2.459

We are ready to prove the second main result of this section: in every marking460

of an lbfc-system with a home cluster, it is possible to disable an arbitrary set461

of clusters via an elementary firing sequence.462

Theorem 9 (Disabling Cluster Theorem). Let (N,M0) with N = (P, T, F )463

be an lbfc-system with a home cluster C and let M ∈ [N,M0⟩ be a reachable464

marking. Furthermore, let C ⊆ [N ]C be the set of all clusters enabled at M , i.e.,465

C := {[t]C ∈ [N ]C | (N,M)[t⟩}. For any non-empty subset of clusters C′ ⊆ C,466

C′ ̸= ∅ there exists an elementary firing sequence σ ∈ (T \ C)∗ leading to a467

marking M ′, i.e., (N,M)[σ⟩(N,M ′), where only the clusters C′ are enabled, i.e.,468

{t ∈ T | (N,M ′)[t⟩} = ∪C′ ∩ T .469

Proof. First observe that for every (non-empty) C′ ⊆ C there can be at most470

one marking M ′ ∈ [N,M0⟩ that enables exactly the clusters in C′. This follows471

directly from Theorem 8. In particular, if C′ = C we can choose σ = ⟨⟩ and the472

claim follows.473

Let us assume that C′ ⊂ C. First of all, note that |C| > 1 (because otherwise474

we could not disable the single cluster). Therefore, C /∈ C, because whenever the475

home cluster is enabled, it is the only cluster enabled (see Theorem 5). Since476

N is free-choice, the only way to disable a cluster in C \ C′ is to fire one of its477

transitions. Let η ∈ (T \C)∗ be an elementary homing sequence from M , which478

results in the marking of the home cluster χC∩P . Here, only C is enabled. In479

particular, no transition of any cluster in C is enabled in χC∩P . Therefore, at least480

one transition of every cluster in C occurs in η. In fact, it is exactly one transition481

of each cluster occurring exactly once in η because η is elementary. Also, there482

cannot be other enabled clusters in [N ]C \({C}∪C) of which no transition occurs483

in η because then, the tokens enabling such an additional cluster would remain484

in their places after firing η which contradicts Theorem 5 that after firing η only485

the places of C are marked.486

The remainder of the proof is done by induction on the length of η.487

Base case: |η| = |C|. Then, every transition t ∈ ⟨η⟩ must be enabled. Because488

firing η results in χC∩P and every transition occurring in η is enabled, all of489

their output places are in the home cluster and each transition has a different490

set of output places, i.e., ⟨η⟩• ⊆ C ∩P and ∀t, t′ ∈ ⟨η⟩, t ̸= t′ : t•∩ t′• = ∅. Now,491

we can use Lemma 3 to move the transitions of C \C′ occurring in η forward and492

by firing them disabling all clusters in C \ C′. Without firing a transition from493

C′, the home cluster cannot yet be enabled and therefore, we have reached M ′.494

Induction step: |η| > |C|. Now, for every cluster in C, there is exactly one495

transition occurring in η that is enabled. As above, we can use Lemma 3 to496

move the transitions of C \C′ occurring in η forward and by firing them disabling497

all clusters in C \C′. This, however, might enable additional clusters C′′ ⊆ [N ]C \498

({C} ∪ (C \ C′)). In this case, take the remaining homing sequence η|∪(C′∪C′′)∩T499
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with |η|∪(C′∪C′′)∩T | < |η| and proceed on C′ ∪ C′′ to disable the clusters in C′′. If500

no additional clusters have been enabled, we have already reached M ′.501

⊓⊔

Corollary 2. Let (N,M0) with N = (P, T, F ) be an lbfc-system with a home502

cluster C and let M ∈ [N,M0⟩ be a reachable marking enabling the transitions503

of some cluster C ′ ∈ [N ]C . Then, the blocking marking M ′ associated to clus-504

ter C ′ can be obtained by an elementary firing sequence η ∈ (T \ C ′)∗, i.e.,505

(N,M)[η⟩(N,M ′).506

5 Shortest Sequences in lbfc-Systems with Home507

Cluster508

We next establish the main result of the paper: we show that from every marking509

in an lbfc-system with a home cluster and for every transition t, we can reach510

the blocking marking associated to t via a sequence of linear length. Actually,511

we show something slightly stronger: every shortest sequence to the blocking512

marking is of linear length. We further show that shortest sequences between513

arbitrary pairs of reachable markings are of quadratic length. This improves514

upon the best known upper bound of cubic length by the Shortest Sequence515

Theorem of Desel and Esparza [12, Theorem 9.17]. Recall that lbfc-systems516

with home cluster are safe, cf. Corollary 1, so the bound of the Shortest Sequence517

Theorem yields O(n3) where n denotes the number of transitions.518

Our strategy is as follows. Since we already saw that we can disable clusters519

via elementary firing sequences, it would be sufficient to show that we can enable520

a single cluster via an elementary sequence as well. If we then combine the521

enabling and disabling sequences, we obtain a sequence which visits each cluster522

at most twice, i.e., a sequence of linear length. To this end, let us introduce the523

generalized notion of k-elementary firing sequences.524

Definition 24 (k-Elementary Firing Sequence). Let (N,M0) with N =525

(P, T, F ) be a system. A firing sequence σ ∈ T ∗ is k-elementary if at most k526

transitions for each cluster occur in σ, i.e., ∀t ∈ T :
∑

t∈[t]C
σ(t) ≤ k.527

Note that a 1-elementary firing sequence is just an elementary firing sequence.528

Furthermore, let enC(M) denote the set of clusters enabled at marking M , i.e.,529

enC(M) := {C ∈ [N ]C | ∃t ∈ C ∩ T : (N,M)[t⟩}.

Thus in order to establish our result, it suffices to show that every shortest530

firing sequence to a blocking marking is 2-elementary. To this end, we show that531

if a shortest sequence would vist some cluster more than twice, then we could532

rearrange it into a shorter sequence which reaches the blocking marking as well533

(of course, this is impossible when we started with a shortest sequence). Our534

main technical tool is the following lemma which allows us to rearrange firing535

sequences by expediting transitions (this approach resembles proof ideas used in536

the work on lucency [cf. 4]).537
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Lemma 6. Let (N,M0) with N = (P, T, F ) be a free-choice system and let538

σ ∈ T ∗ be a firing sequence from M0 to some reachable marking M , i.e.,539

(N,M0)[σ⟩(N,M), of the form:540

σ = σ1⟨t⟩σ2,

for some transition t ∈ T and firing sequences σ1, σ2 ∈ T ∗. Furthermore, let541

M1 be the marking reached after firing σ1 from M0, i.e., (N,M0)[σ1⟩(N,M1).542

Then, by expediting transitions from σ2, we can rearrange σ into a firing sequence543

σ′ ∈ T ∗ with (N,M0)[σ
′⟩(N,M) of the form:544

σ′ = σ′
1⟨t⟩σ′

2,

such that:545

– σ′ = σ,546

– σ′
2 ≤ σ2, and547

– for the marking M ′
1 reached after firing σ′

1 from M0, i.e., (N,M0)[σ
′
1⟩(N,M ′

1),548

it holds that enC(M
′
1) ⊆ enC(M) ∪ [t]C .549

Proof. We proceed by induction on |σ2|. If |σ2| = 0, we can set σ′
1 = σ1 and550

σ′
2 = σ2 and the claim readily follows for M ′

1 = M1.551

Otherwise, let δ = |enC(M1) \ (enC(M) ∪ [t]C)|. If δ = 0, we can set σ′
1 = σ1552

and σ′
2 = σ2 and the claim follows for M ′

1 = M1. So assume that δ > 0. Then553

there exists some transition tD which occurs in σ2 for some cluster D = [tD]C ∈554

enC(M1) \ (enC(M)∪ [t]C) (since the cluster D is not enabled at M and cannot555

be disabled by firing t, and since δ > 0 such cluster exists). Pick the first such556

transition tD which occurs in σ2, i.e., write σ2 = τ1⟨tD⟩τ2 where τ1 only contains557

transitions t′ such that [t′]C /∈ enC(M1) or [t′]C ∈ enC(M) ∪ [t]C . Now, we can558

move tD forward in front of t. Formally, let:559

– σnew
1 = σ1⟨tD⟩,560

– σnew
2 = τ1τ2.561

First, we observe that562

σnew = σnew
1 ⟨t⟩σnew

2 = (σ1⟨tD⟩)⟨t⟩(τ1τ2)

is a valid firing sequence from M0 to M . Clearly, tD is enabled at M1, the marking563

reached after firing σ1 from M0, just by the choice of tD. Moreover, firing tD564

cannot disable t since [tD]C ̸= [t]C . Moreover, every transition t′ ∈ ⟨τ1⟩ also565

has the property that [t′]C ̸= [tD]C . This is because [t′]C /∈ enC(M1) or [t′]C ∈566

enC(M)∪ [t]C while [tD]C ∈ enC(M1)\ (enC(M)∪ [t]C). Hence, firing tD cannot567

disable any transition in τ1. Hence, σnew
1 ⟨t⟩τ1 is a valid firing sequence from M0568

to some marking M ′. Since with the (permuted) orginal sequence σ1⟨t⟩τ1⟨tD⟩569

we also reach M ′, it follows that σnew is a valid firing sequence from M0 to M .570

We have |σnew
2 | < |σ2|. Hence, by the induction hypothesis, we can rearrange571

σnew = σnew
1 ⟨t⟩σnew

2 into a firing sequence σ′ = σ′
1⟨t⟩σ′

2 such that:572
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– σ′ = σnew = σ,573

– σ′
2 ≤ σnew

2 ≤ σ2, and574

– for the marking M ′
1 reached after firing σ′

1 from M0, i.e., (N,M0)[σ
′
1⟩(N,M ′

1),575

it holds that enC(M
′
1) ⊆ enC(M) ∪ [t]C .576

This concludes the proof (just pick σ′
1, σ′

2, and M ′
1 to satisfy the claim).577

⊓⊔

Theorem 10 (Shortest Sequences to Blocking Markings). Let (N,M0)578

with N = (P, T, F ) be an lbfc-system with a home cluster. Let M ∈ [N,M0⟩579

be a reachable marking, let t ∈ T be some transition, let B ∈ [N,M0⟩ be the580

unique blocking marking associated to the cluster [t]C , and let σ ∈ (T \ [t]C)
∗

581

be a shortest firing sequence from M to B, i.e., (N,M)[σ⟩(N,B). Then, σ is582

2-elementary. In particular, |σ| ≤ 2 · |T |.583

Proof. Assume that, to the contrary, σ was not elementary. Then σ can be584

written as:585

σ = η⟨t1⟩τ1⟨t2⟩τ2⟨t3⟩τ3,

with t1, t2, t3 ∈ T from the same cluster, i.e., D = [t1]C = [t2]C = [t3]C , and586

where η, τ1, τ2, τ3 ∈ (T\[t]C)∗ are firing sequences not visiting the cluster [t]C . Let587

M1 be the marking reached after firing η from M , i.e., (N,M)[η⟩(N,M1), let M2588

be the marking reached after firing ⟨t1⟩τ1 from M1, i.e., (N,M1)[⟨t1⟩τ1⟩(N,M2),589

and let M3 be the marking reached after firing ⟨t2⟩τ2 from M2, i.e., (N,M2)[⟨t2⟩τ2⟩(N,M3).590

Of course, (N,M3)[⟨t3⟩τ3⟩(N,B). In summary, we have the following situation:591

M
η−→ M1

⟨t1⟩τ1−−−−→ M2
⟨t2⟩τ2−−−−→ M3

⟨t3⟩τ3−−−−→ B.

We now expedite transitions starting at M3 using Lemma 6. More precisely,592

we apply Lemma 6 to last part of the sequence σ (where we fix t3 as t in the593

lemma):594

M2
⟨t2⟩τ2−−−−→ M3

⟨t3⟩τ3−−−−→ B

This yields a rearranged firing sequence from M2 to B of the form:595

M2
⟨t2⟩τ ′

2−−−−→ M ′
3

⟨t3⟩τ ′
3−−−−→ B,

such that enC(M
′
3) ⊆ D ∪ [t]C (in particular, at most two clusters are enabled596

at M ′
3). Of course, if enC(M

′
3) = [t]C , then by Theorem 8 we must have M ′

3 =597

B and we could skip firing ⟨t3⟩τ ′3 contradicting the minimality of σ. Hence,598

enC(M
′
3) = D ∪ [t]C (note also that D ̸= [t]C , because σ does not visit [t]C by599

assumption).600

We now repeat the same process of applying Lemma 6 to the part between601

M1 and M ′
3, i.e., to the subsequence:602

M1
⟨t1⟩τ1−−−−→ M2

⟨t2⟩τ ′
2−−−−→ M ′

3.



18 C.T. Schwanen et al.

We end up with a rearranged firing sequence from M1 to M ′
3 of the form:603

M1
⟨t1⟩τ ′

1−−−−→ M ′
2

⟨t2⟩τ ′′
2−−−−→ M ′

3,

such that enC(M
′
2) ⊆ D ∪ enC(M

′
3) = D ∪ [t]C . Again, if enC(M

′
2) = enC(M

′
3),604

then M ′
2 = M ′

3 by Theorem 8 and we could skip firing ⟨t2⟩τ ′′2 contradicting the605

minimality of σ. Hence, enC(M
′
2) = D.606

For one last time, we apply Lemma 6 to the part between M and M ′
2, i.e.,607

to the subsequence:608

M
η−→ M1

⟨t1⟩τ ′
1−−−−→ M ′

2,

to obtain a rearranged firing sequence from M to M ′
2 of the form:609

M
η′

−→ M ′
1

⟨t1⟩τ ′′
1−−−−→ M ′

2,

such that enC(M
′
1) ⊆ D∪enC(M

′
2) = D. Since enC(M

′
1) ̸= ∅, we have enC(M

′
1) =610

D. Hence, by Theorem 8 we have M ′
1 = M ′

2 and we could skip firing ⟨t1⟩τ ′′1 con-611

tradicting the minimality of σ.612

It turns out that our proof generalizes from blocking markings to arbitrary613

reachable markings. In general, we can show that in shortest sequencens, we can614

visit each cluster at most k + 1 times where k is the number of clusters enabled615

at the target marking. This yields a quadratic bound on the length of shortest616

sequences between arbitrary pairs of reachable markings.617

Theorem 11 (Shortest Sequences are k+1-elementary). Let (N,M0) with618

N = (P, T, F ) be an lbfc-system with home cluster. Let M ∈ [N,M0⟩ be a619

reachable marking with k enabled clusters, i.e., |enC(M)| = k. Moreover, let620

σ ∈ T ∗ be a shortest firing sequence from M0 to M , i.e. (N,M0)[σ⟩(N,M), and621

there is no subsequence η ∈ T ∗, η < σ, satisfying (N,M0)[η⟩(N,M). Then σ is622

(k + 1)-elementary.623

Proof. For sake of illustration, let us first consider the case k = 1 (this is pretty624

much analgous to the proof of Theorem 10, except for that the sequence σ625

might now contain a transition from the cluster which is enabled at the target626

marking M). So let us assume that for some cluster D the shortest sequence σ627

from M0 to M fires more than two transitions from D. Then, write σ as:628

σ = σ0⟨t1⟩σ1⟨t2⟩σ2⟨t3⟩σ3,

for some transitions t1, t2, t3 ∈ D and firing sequences σ1, σ2, σ3 ∈ T ∗. First, we629

use Lemma 6 to rearrange σ2⟨t3⟩σ3 in such a way that after firing σ0⟨t1⟩σ1⟨t2⟩σ2630

we reach a marking M3 which satisfies enC(M3) ⊆ [D]C ∪ enC(M) (note that631

since k = 1, only one cluster different from D can be enabled at M3). We632

now apply Lemma 6 again to rearrange σ1⟨t2⟩σ2 in such a way that after firing633

σ0⟨t1⟩σ1 we reach a marking M2 which satisfies enC(M2) ⊆ [D]C ∪ enC(M3) =634

enC(M3). Now, if enC(M2) = enC(M3), then M2 = M3 by Theorem 8 and we635
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could skip firing ⟨t2⟩σ2 contradicting the minimality of σ. Hence, enC(M2) ⊂636

enC(M3). We repeat the same process one last time to rearrange σ0⟨t1⟩σ1 in such637

a way that after firing σ0 we reach a marking M1 which satisfies enC(M1) ⊆638

[D]C ∪ enC(M2) = enC(M2). Again, if enC(M1) = enC(M2), then M1 = M2639

by Theorem 8 and we could skip firing ⟨t1⟩σ1 contradicting the minimality of σ.640

Hence, enC(M1) ⊂ enC(M2).641

However, since enC(M1) ⊂ enC(M2) ⊂ enC(M3) ⊆ [D]C ∪ enC(M) and642

|enC(M)| = 1, we have reached a contradiction and thus σ must be 2-elementary.643

For the general case where k > 1 we proceed analogously. Assume that for644

some cluster D a shortest firing sequence σ from M0 to M fires more than k+1645

transitions from D. Then, we write σ as:646

σ = σ0⟨t1⟩σ1⟨t2⟩σ2 · · · ⟨tk+1⟩σk+1⟨tk+2⟩σk+2,

for transitions t1, t2, . . . , tk+2 ∈ D and firing sequences σ1, σ2, . . . , σk+2 ∈ T ∗.647

We now use Lemma 6 to rearrange σk+1⟨tk+2⟩σk+2 in such a way that af-648

ter firing σ0⟨t1⟩σ1⟨t2⟩σ2 · · · ⟨tk⟩σk⟨tk+1⟩σk+1 we reach a marking Mk+2 with649

enC(Mk+2) ⊆ [D]C ∪ enC(M). We proceed by rearranging σk⟨tk+1⟩σk+1 in such650

a way that after firing σ0⟨t1⟩σ1⟨t2⟩σ2 · · · ⟨tk−1⟩σk−1⟨tk⟩σk we reach a marking651

Mk+1 which satisfies enC(Mk+1) ⊆ [D]C ∪ enC(Mk+2) = enC(Mk+2). As ar-652

gued before, if enC(Mk+1) = enC(Mk+2), then Mk+1 = Mk+2 by Theorem 8653

and we could skip firing ⟨tk+1⟩σk+1 contradicting the minimality of σ. Hence,654

enC(Mk+1) ⊂ enC(Mk+2). We repeat the same process another step to rearrange655

σk−1⟨tk⟩σk in such a way that after firing σ0⟨t1⟩σ1⟨t2⟩σ2 · · · ⟨tk−2⟩σk−2⟨tk−1⟩σk−1656

we reach a marking Mk which satisfies enC(Mk) ⊆ [D]C∪enC(Mk+1) = enC(Mk+1).657

Again, if enC(Mk) = enC(Mk+1), then Mk = Mk+1 by Theorem 8 and we658

could skip firing ⟨tk⟩σk contradicting the minimality of σ. Hence, enC(Mk) ⊂659

enC(Mk+1).660

By repeating the same line of argument, we obtain a sequence of markings661

M1,M2, . . . ,Mk+2 such that:662

enC(M1) ⊂ enC(M2) ⊂ · · · ⊂ enC(Mk+2) ⊆ [D]C ∪ enC(M).

Since |enC(M)| = k, we have reached a contradiction and thus σ must be (k+1)-663

elementary.664

An immediate consequence of the previous theorem is a quadratic upper665

bound on the length of shortest firing sequences in lbfc-systems with home666

cluster.667

Corollary 3 (Shortest Sequences in lbfc-systems with Home Clus-668

ter). Let (N,M0) with N = (P, T, F ) be an lbfc-system with home cluster. Let669

M ∈ [N,M0⟩ be a reachable marking. Moreover, let σ ∈ T ∗ be a shortest firing670

sequence from M0 to M . Then |σ| ≤ |[N ]C | · |T | ≤ |T |2.671

Let us remark that our arguments in this section heavily relied on Theorem 8672

which, in turn, only holds for lbfc-systems with a home cluster.673
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6 Conclusion674

This year not only marks the 100th anniversary of Carl Adam Petri, but also675

the 31st anniversary of the Shortest Sequence Theorem by Desel and Esparza676

[12, 13] providing a cubic bound as best known upper bound for shortest firing677

sequences in lbfc-systems.678

In this paper, we have proved that this cubic bound can be improved to a679

quadratic one in the presence of a home cluster (Theorem 11). Moreover, in one680

of our main results (Theorem 10), this cubic bound can be further improved681

to a linear one for reaching blocking markings. Our results shed new light on682

the structure of lbfc-systems with home cluster that can prove useful for al-683

gorithmic analysis techniques. For example, in algorithmic contexts where we684

need to construct firing sequences instead of only deciding reachability, our re-685

sults provide much better worst-case guarantees. Along the way, we obtained686

several results of independent interest that might prove useful in future research687

on free-choice systems. For example, we showed that from every marking, the688

home cluster can always be reached via an elementary firing sequence, i.e., a689

firing sequence that contains at most one transition from every cluster (Theo-690

rem 6). A consequence is that an arbitrary set of enabled clusters can always be691

disabled via an elementary sequence as well (Theorem 9). To mention just one692

immediate application, this shows that the edit distance between a trace and a693

sound free-choice workflow net is at most linear (in the length of the trace and694

the number of transitions of the net). This upper bound can be used in order to695

improve heuristics for conformance checking in process mining, for example, for696

alignment computations [9].697
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