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Abstract Gaujal, Haar and Mairesse proved in 2003 that every cluster
in a live, bounded, free-choice Petri net system has a blocking marking,
i.e., a marking which enables only the transitions of the cluster. More-
over, for each cluster, this blocking marking is unique and reachable from
every state of the system. In this paper, we study live, bounded, free-
choice systems that, in addition, possess a home cluster, i.e., a cluster
whose blocking marking only marks the places of the cluster. Prototyp-
ical examples are sound free-choice workflow nets, the standard model
class in process mining. Our main result shows that in such systems,
shortest firing sequences to blocking markings have linear length. More-
over, we obtain a quadratic upper bound on the length of shortest firing
sequences between arbitrary markings. Both results strongly improve
known bounds of Desel and Esparza for live, bounded, free-choice sys-
tems in presence of a home cluster. Furthermore, we show that each
transition can be enabled via an elementary firing sequence, i.e., a firing
sequence which contains at most one transition from every cluster. As an
important technical contribution, we show that CP-subnets are acyclic
or intersect the home cluster. These insights might be of independent
interest for future research on free-choice systems.

Keywords: Petri Nets - Free-Choice Petri Nets - Home Cluster - Block-
ing Marking - Reachability - Process Mining

1 Introduction

We study live, bounded, free-choice Petri net systems (LBFC-systems). Recall
that a Petri net system is live, if at each state, every transition can be enabled
eventually; it is bounded if there is a global constant b € N such that no place
contains more than b tokens in any reachable marking; and it is free-choice if all
pairs of transitions either share all or none of their input places.

LBFC-systems enjoy several useful algorithmic and structural properties. For
instance, they allow for a combinatorial, graph-theoretic characterization of their
recurrent states. To be precise, Best et al. |7] proved that home markings (i.e.,
markings to which the system can return from every reachable state) in LBFC-
systems can be characterized by so-called traps, which are sets of places that,
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2 C.T. Schwanen et al.

once marked, cannot get unmarked. Since maximal unmarked traps can be
computed via a polynomial-time fixed-point process, this gives rise to efficient
(polynomial-time) algorithms to analyze LBFC-systems. As one application, it
becomes tractable to decide if an LBFC-system is cyclic (i.e., whether the initial
marking is a home marking). Note that such behavioral properties of systems
are usually very hard to compute, so it is quite beneficial to have such efficient
algorithms at hand (see, e.g., |15} [16]). Another remarkable property of LBFC-
systems is that the diameter of their reachability graph is polynomially-bounded
in the size of the system and the place-bound b. In fact, as Desel and Esparza
|12, 13] established in their Shortest Sequence Theorem whenever two markings
are reachable from each other, then there exists a connecting firing sequence
with length O(b-n?) where n is the number of transitions and b the place-bound
of the LBFC-system. A third notable result on LBFC-systems is due to Gaujal
et al. [19] and is known as the Blocking Theorem. It states that for every cluster
in an LBFC-system (i.e., sets of transitions with the same input places), there
exists a unique blocking marking that enables only the transitions of the cluster.
Moreover, this blocking marking is reachable from every reachable marking of
the system and without firing any transition of the cluster itself. Uniqueness
implies that whenever a marking enables only a single cluster, it coincides with
the blocking marking of that cluster already. This means that the state space of
an LBFC-system, when restricted to blocking markings, is in a one-to-one corre-
spondence with the clusters of the system (in particular, it is linearly bounded
in the number of transitions). Of course this raises many questions, for example,
of how this “simple” part of the state space is connected to the remainder of
the system or how we can reach this part as fast as possible. We study these
questions in the present paper.

Given such outstanding properties of LBFC-systems, it is not surprising that
they found numerous applications also in related areas of computer science, such
as process mining [6, [9]. Here, algorithmic problems involving large amounts of
event data have to be solved efficiently. Process models, which are often based on
Petri nets, play a central role in this context. In particular, sound workflow nets,
a prominent subclass of live and bounded Petri net systems, tailored for business
process modeling, are nowadays the de-facto standard for models in the process
mining community [25]. Since sound workflow nets are live and bounded already,
by adding the free-choice restriction, we obtain a subclass of LBFC-systems to
which we can apply the host of structure-theoretical and algorithmic results
such as the ones outlined above. This route has been investigated by several
researchers in the process mining community, see, e.g., |1, [18] 20} [21], and has
lead to important algorithmic improvements.

While this shows how Petri net theory helps to solve problems in different
application domains, the converse is true as well: notions arising, e.g., in the area
of process mining, can lead to new insights on the underlying Petri net model.
A prominent example is the concept of home clusters, which originated from
the work on the workflow net model in the process mining community. A home
cluster in a free-choice Petri net is a cluster whose (unique) blocking marking
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Coming Home for Blocking Transitions Fast 3

only marks the places of the cluster itself. This means that the transitions in a
home cluster bind all tokens such that no tokens are left outside the cluster. The
consequence is that a home cluster captures the idea of having a “regeneration
point” of the system which can serve as a “terminal/initial state”, i.e., a state
where the system completes its computation or restarts afresh. In fact, in sound
workflow nets, one requirement is that the model has the option to complete
which corresponds to the existence of a home cluster (where the net reaches its
final marking). While home clusters clearly have practical motivation, they also
have very interesting structure-theoretical properties. As the third author proved
in a series of articles [215], the effect of having a home cluster alone in combina-
tion with the free-choice assumption is sufficient in order to guarantee lucency of
the system. Lucency is a generalization of the blocking marking property saying
that each (reachable) marking is uniquely determined by the set of enabled tran-
sitions. In other words, it is impossible to have two different reachable markings
that enable the same set of transitions. An immediate consequence is that the
state space of a free-choice system with a home cluster is finite, i.e., the system
is bounded.

By combining these threads together, we see that sound free-choice workflow
nets are LBFC-systems with a home cluster, and the presence of the home cluster
has strong structural implications. Another consequence of liveness and the home
cluster property is, for example, that sound workflow nets are cyclic, i.e., that the
initial marking is a home marking that can be visited again and again. For cyclic
LBFC-systems, in turn, Desel and Esparza |11] proved that their reachability sets
consist of all those markings which agree on all S-invariants and mark each
proper trap (both properties which can be checked efficiently). This makes the
fundamental problem of reachability for sound free-choice workflow nets solvable
efficiently.

Motivated by these results, we continue the study of LBFC-systems with a
home cluster (which includes sound free-choice workflow nets). We focus on the
question of how efficiently blocking markings can be reached in such systems, i.e.,
we ask for the length of shortest firing sequences to blocking markings—that is,
sequences which cannot be shortened by permuting and/or removing transitions.
Our motivation comes twofold: first, blocking markings are a fundamental con-
cept in the theory of free-choice systems, and understanding how efficiently they
can be reached is of theoretical interest. Second, in algorithmic contexts such
as process mining, it is often necessary to construct firing sequences to block-
ing markings (e.g., when replaying event logs on process models), and having
good upper bounds on the length of such sequences is important for performance
guarantees. Of course, there can be shortest firing sequences of different lengths,
so another question is: what is the minimal length of a shortest firing sequence
to a blocking marking? We already have a cubic upper bound due to Desel and
Esparza’s Shortest Sequence Theorem [12 [13], but one could hope that this
bound can be improved by the presence of a home cluster.
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4 C.T. Schwanen et al.

2 Preliminaries

In this paper, N := {0,1,2,...} denotes the natural numbers (including 0). Let
us fix our notation for the basic Petri net concepts used throughout the paper.

Definition 1 (Indicator Function). Let A be a set and let B C A. The
function xp: A — {0, 1}, defined by

(@) 1 ze€B,
) =
X5 0 xz¢ B,

is the indicator function (or characteristic function) of set B. As a special case,
we have, yg =: 0 where 0 is the zero function mapping every element of A to 0.

Definition 2 (Multiset). A multiset M over a set A is a function M: A — N;
thus, for any a € A, M(a) indicates the multiplicity of a in the multiset M. The
set of all multisets over A is given by N4. We also use the notation [aM(a) | a € A]
for a multiset M € N4. Any set B C A can be considered a multiset using
its indicator function, ie., xp = [b' ’b € B] = [b € B] € N4, For multisets
M, M’ € N4, we use the standard notation for functions, e.g., M +M', M < M’,
etc. The support (or domain) of a multiset M € N4, denoted by (M), is the set
of elements contained in M, i.e., (M) := {a € A| M(a) > 0}. The restriction of
a multiset M € N4 to a set B C A is the multiset M|pg = [aM(“) | a € B] € NB
containing only the elements of B.

Whenever we compare or operate with multisets M € N4 and M’ € NP over
different domains A and B, we implicitly assume that they are first extended
with O for each item of AU B not in their domain.

Definition 3 (Sequence, Parikh Vector, Permutation). Sequences with
index set I over a set A are denoted by o = (a;);e;r € A’. The length of a sequence
o is written as |o| and the set of all finite sequences over A is denoted by A*.
Given two sequences o and ¢’, o - ¢’ (or o¢’ in short) denotes the concatenation
of the two sequences. The restriction of a sequence o € A* to aset B C A
is the subsequence o|p of o consisting of all elements in B. The Parikh vector
of a sequence o € A*, denoted by o, is its multiset representation defined by
o(a) = ‘0|{a}| for every a € A, and (o) provides the support of o. A sequence
o' € A* is a permutation of o if and only if 0/ = o.

Definition 4 (Petri Net). A Petri net N is a bipartite directed graph N =
(P,T,F) where P and T, PNT = () are disjoint finite sets of vertices and
F C (P xT)U(T x P) is the set of arcs. In a Petri net, P is called the set of
places, T the set of transitions, and F the flow relation. Given a vertex v € PUT),
its pre-set ev and post-set ve are defined by ev :={u € PUT | (u,v) € F} and
ve:={u € PUT|(v,u) € F}. With regard to a place (transition), its pre- and
post-set are also called input and output transitions (places). This e-notation is

extended to a set of vertices V.C PUT by eV :=J,.\ v and Ve =], . ve.
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Coming Home for Blocking Transitions Fast 5

Definition 5 (Incidence Matrix of a Petri Net). Let N = (P,T, F) be a
Petri net. Its incidence matriz N: (P x T) — {—1,0,+1} is defined by

-1 lf(pat)EF/\(tap)¢Fv
N(p,t) == {+1 if (p,t) ¢ FA(t,p) €F,
0 otherwise.

Definition 6 ((Induced) Subnet). Let N = (P,T,F) be a Petri net. N’ =
(P',T',F")isasubnet of Nif P’ C P, T C T,and F/ = FN((P'xT")U(T'x P")).
Note that a subnet is always an induced subnet (since F’ contains all arcs of F'
between the nodes in P’ UT"). For a set of nodes V. C PUT, we denote this
(induced) subnet as N[V] given as N[V] = (PNV, TNV, FN((V xV)).

Definition 7 (Free-Choice Petri Net). A Petri net N = (P,T,F) is free-
choice if any two transitions either share all or none of their input places, i.e.,
Vt,t' € T: ot = ot \V ot Not’ = ).

Definition 8 (Marking, System, Firing Rule). Given a Petri net N =
(P,T,F), a marking M € N¥ is a multiset where M (p) is the number of tokens
at place p € P. A place p € P is marked at M if M (p) > 0. The pair (N, M) of a
Petri net N = (P, T, F) and a marking M € N is called a system. A transition
t € T is enabled in M, denoted by (N, M)[t), if and only if each of its input
places p € ot is marked, i.e., M > xq4¢. An enabled transition may fire, denoted
by (N, M)[t)(N,M’), and firing results in a new marking M’ := M — Yo + Xto-

A sequence of transitions o = (t;)1; € T* is called a firing sequence of
(N, M) if for every transition t; of the sequence holds that (N, M;_1)[t;) and
(N, M;_1)[t;)(N, M;) where My = M and M, = M’. Firing such a sequence
is denoted by (N, M)[c)(N,M’). The empty sequence () is always enabled and
firing the empty sequence leaves the marking unchanged, i.e., (N, M)[())(N, M).
A marking M’ is reachable if a firing sequence o € T™* exists such that M’ is the
resulting marking, i.e., (N, M)[o)(N, M’). The set of all reachable markings of
(N, M) is defined by [N, M) := {M' € N¥ | 3o € T*: (N, M)[o)(N,M’)}.

Definition 9 (Boundedness, Safeness). Given some k € N, a system (N, M)
with N = (P, T, F) is k-bounded if k is a bound for any reachable marking, i.e.,
VM € [N, My): Vp € P: M(p) < k. (N, Mp) is safe if it is 1-bounded.

Definition 10 ((Quasi-)Liveness). Let (N,M;) with N = (P,T,F) be a
system. A transition ¢t € T is quasi-live if there exists a reachable marking
M’ € [N, Mp) which enables t. A transition ¢ € T is live if it is quasi-live for every
reachable marking M € [N, My),i.e., VM € [N, Mp): IM' € [N, M): (N, M')[t).
A system (N, My) is (quasi-)live if every transition ¢t € T' is (quasi-)live.

Definition 11 (Well-Formedness). A Petri net N is well-formed if there ex-
ists a marking My of N such that (N, M) is a live and bounded system.

Definition 12 (LBFC-System). We denote systems (N, My) which are live, (b-
Ybounded and free-choice systems as LBFC-system. Note that the place bound b
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6 C.T. Schwanen et al.

may vary across different LBFC-systems, but is, of course, fixed for each individual
LBFC-system.

Definition 13 (Home Marking, Cyclic System). Let (N, Mj) be a system.
A marking M € [N, M) is a home marking if it can be reached from any
reachable marking, i.e., VM’ € [N,My): M € [N,M'). A system (N, M) is
cyclic if its initial marking My is a home marking.

Definition 14 (Cluster). Let N = (P, T, F') be a Petri net and let v € PUT.
The cluster of v, denoted by [v]c, is the minimal set of places and transitions
that includes

— v, le, v € Ve,
— all output transitions of contained places, i.e., Vp € [v]c N P: pe € [v]c, and
— all input places of contained transitions, i.e., Vt € [v]c NT': ot € [v]c.

The set of all clusters of N is defined by [N]¢ = {[v]c |v € PUT}.

It is not hard to show that the set of clusters forms a partition of the set PUT
(see |12 Proposition 4.5]). What is more, in free-choice Petri nets, clusters have
a very simple structure: they consist of a set of places and a set of transitions
such that all places are connected to all transitions as input places and vice versa
(i.e., they form a complete bipartite subgraph). Also the cluster of an element
x € PUT can be determined quite easily: [x]c = ex U (ex)e if z is a transition,
and [z]c = xeUe(ze) if x is a place. As a consequence, in free-choice Petri nets,
if one transition of a cluster is enabled in some marking, then all transitions of
the cluster are enabled in that marking (see [12, Proposition 4.6]).

3 Shortest Enabling Sequences in T-Systems

As a warmup, we start our analysis of shortest sequences with what we call en-
abling sequences, i.e., sequences that enable a given cluster from some reachable
marking (and have minimal length with this property). The motivation is as
follows: if we want to reach a blocking marking of some cluster, there are two
steps involved. First, we need to enable the cluster (if it is not enabled already),
and second, we need to disable all other clusters different from the target cluster.
Thus, understanding how to enable clusters efficiently is an important building
block for reaching blocking markings. Moreover, we start our investigation with
live T-systems (instead of considering full LBFC-systems). This first step is justi-
fied by the fact that T-systems are, in a precise sense, the basic building blocks of
LBFC-systems as shown by Desel and Esparza 12| Chapter 7] building on earlier
results due to Esparza [14] and Esparza and Suarez |17]. Let us start with the
two basic definitions of enabling sequences and T-systems.

Definition 15 (Enabling Sequence). Let (N, M) with N = (P,T,F) be a
system. For a transition ¢ € T and some reachable marking M € [N, M), a firing
sequence o € T™* enabled at M is a t-enabling sequence (from M) if it results in
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a marking that enables t, i.e., (N, M)[o(t)). A t-enabling sequence n € T* is a
shortest t-enabling sequence if no strict (permuted) subsequence o € T*, o < 1,
is t-enabling as well.

In other words, a shortest t-enabling sequence enables ¢ and cannot be short-
ened by removing transitions or permuting them. Of course, shortest ¢-enabling
sequences never contain t itself:

Proposition 1. Let (N, M,) with N = (P,T,F) be a system. Let t € T be
some transition and let o € T* be a shortest sequence that enables t, i.e.,
(N, Mo)[o{t)). Then, t ¢ (o).

A T-net is a Petri net where each place has exactly one input and one output
transition (in particular, T-nets are free-choice).

Definition 16 (T-Net, T-System). A Petri net (P,T,F) is a T-net if every
place has exactly one input and one output transition, i.e., Vp € P: |ep| =1 =
[pe|. A system (N, M) is a T-system if N is a T-net.

T-systems cannot express choices (conflicts) between transitions. As a matter of
definition, no pair of transitions t,¢ € T,t # t' can compete for tokens from the
same input places (formally: ot N et' = ). In general, firing sequences in which
all pairs of transitions satisfy this property are known as biased firing sequences
and have been studied by Desel and Esparza |12} [13]. We recall some of their
results and apply them to shortest enabling sequences in live T-systems.

Definition 17 (Biased Firing Sequence). Let (N, M) with N = (P, T, F)
be a system. A firing sequence o € T* is biased if ot N ot' = () for every two
distinct transitions ¢,t' € (o),t # t’ that occur in o.

Lemma 1 (|12, Lemma 3.23, 13, Lemma 3.2|). Let (N, My) with N = (P, T, F)
be a system. Let t € T be some transition and let o109(t) be a biased firing
sequence such that o1,09 € (T'\ {t})* be two firing sequences with (1) D (o2).
If (N, My)[o102(t)) (N, M), then also (N, My)[o1(t)o2)(N, M).

Lemma 2 (|12, Lemma 3.24, |13, Lemma 3.3]). Let (N, My) with N = (P,T,F)
be a system and let o € T* be a biased firing sequence. Then, there exists a
permutation o' of o with o’ = o such that ¢/ = o109 with o1 < x7 and
(o1) 2 (02).

There is another way to rearrange biased firing sequences: every first occurrence
of a transition that is already enabled in the current marking can be moved
forward.

Lemma 3. Let (N, My) with N = (P, T, F) be a system. Let t,t' € T,t £t be
two distinct transitions and let (t)o(t') be a biased firing sequence such that o €
(T\{t,t'})* and (N, My)[{t)o(t')) (N, M). Ift’' is enabled in My, i.e., (N, My)[t'),
then also (N, Mo)[(t',t)o)(N, M).
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Figure 1. A live T-system for which the bound in Theorem [1]is tight.

Proof. Since (N, My)[t'), My > xer and because (t)o(t') is biased, neither ¢
nor any transition occurring in ¢ has one of the places ot’ as input place, i.e.,
ot' N (ot U (o)) = (). Thus, their occurrences do not disable ¢ and vice versa.
Hence, (N, My)[(¢',£)0) (N, M).

O

With Lemmas [T] and 2] we can already show how to shorten biased enabling se-
quences such that we obtain an enabling sequence which contains each transition
at most once.

Lemma 4 (Biased Enabling Sequence Lemma). Let (N, My) with N =
(P,T,F) be a system. Let t € T be some transition and let o € T* be a biased
sequence that enables t, i.e., (N, My)[o(t)). Then, there exists a (permuted) sub-
sequence n € (T'\ {t})* with m < o such that (N, My)[n(t)) and no transition
occurs more than once in n, i.e., n < XT\{t}-

Proof. Let us assume that t ¢ (o) (otherwise choose the prefix before the first
occurrence of ¢t as o). According to Lemma [2| there exists a permutation o’ €
(T\{t})* of o with ¢’ = o such that (N, My)[o'(t)) and ¢’ = 0109 with o1 < X1
and (o) 2 (o2). Then, also (N, My)[o1(t)os) according to Lemma [I} Choose
n = o1 and the claim follows.

O

Since all firing sequences in T-systems are biased, we can apply the result above
to live T-systems:

Theorem 1 (Shortest Enabling Sequence Theorem). Let (N, M) with
N = (P,T,F) be a live T-system and let t € T. Then, there exists a t-enabling
sequence n € (T'\ t)* which fires each transition at most once, i.e., N < X7\ {t}-

Proof. Since (N, My) is live, there exists a shortest t-enabling sequence n € T*.
Because N is a T-net, every firing sequence in (N, My) is biased, including 7.
Hence, the claim follows by Lemma [4] (since 7 was chosen to be minimal).

O

Note that Theorem [1]does not only prove the existence of a shortest enabling
sequence in a live T-system with length of at most |T| — 1, but establishes the
more general result that every shortest enabling sequence satisfies this bound.



279

280

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

Coming Home for Blocking Transitions Fast 9

Figure 2. An LBFC-system with two different shortest t-enabling sequences (t1) and
(t2,ts) of different lengths.

Also, it is easy to see that this bound is tight: in the live T-system in Figure
every other transition in 7" must fire to enable transition t.

Actually, for the case of T-systems, we can show an even stronger result: all
shortest t-enabling sequences are permutations of each other, i.e., their Parikh
vectors are identical. This means that in a live marking of a T-system each
transition ¢ has a canonical enabling sequence (up to the order of transitions).

Proposition 2. Let (N, My) with N = (P,T,F) be a live T-system and let
n,m € T* be minimal t-enabling sequences for some transition t € T, i.e.,
(N, M)[n(t)), (N, M)[n'(t)). Then, n=n".

Proof. Letn,n' € T* be two t-enabling sequences of minimal length. By Lemmal4]
both sequences contain each transition at most once. We proceed by induction
on |n| and show that § = n’. If ¢ is enabled at My (i.e., || = 0), the claim holds
trivially since both sequences are empty. Otherwise, there exists an unmarked
place p € ot. This place has a unique pre-transition ¢, € ep since NV is a T-net.
Of course, this transition must occur in both sequences to mark place p. Hence,
n and 1’ have a least one common transition ¢,.

Let n = a (tp)ce and ' = B4 (t,,)F2. Using Lemma we can rearrange o (tp)
and $3; (t,) into two sequences a}(t,)a? and S} (t,) 37 such that o} and B} are two
minimal ¢,-enabling sequences (which can be fired from My). Since |a}| < |7,
we can apply the induction hypothesis and obtain ai = Bi Hence, ai(t,) and
Bi(t,) can be fired from My and result in the same marking M;. From here,
the remaining sequences a2as and 323, are both t-enabling sequences from M
and |a?as| < |n|. Thus, we can again apply the induction hypothesis and obtain
n=mn'

O

Of course, we cannot hope for an analogous result for LBFC-systems. The
reason is that choices (conflicts) can lead to completely different shortest enabling
sequences (also of different lengths). A simple example is shown in Figurewhere
two incomparable shortest t-enabling sequences exist.
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4 Homing Sequences and Disabling Clusters

Before we turn our attention to enabling sequences in general LBFC-systems, we
study how to disable clusters different from the target cluster. The key insight
is that it is always possible to reach the home cluster of an LBFC-system from
any reachable marking via an elementary homing sequence that fires at most one
transition from each cluster. Later, such homing sequences can then be utilized
in order to disable all clusters different from the target cluster. Home clusters
have first been studied by the third author in a line of research on lucency [cf.
4].

Definition 18 (Home Cluster). Let (N, My) with N = (P, T, F') be a system.
A cluster C' € [N]¢ is a home cluster of (N, M) if and only if the marking
Xcnp € NP is reachable and a home marking, i.e., VM € [N, My): xcnp €
[N, M). If such a cluster C exists, we say that (N, M) has a home cluster.

A home cluster has strong implications on the underlying Petri net structure
as we will show next. First, it is known that LBFC-systems can be covered by
simple types of subnets, namely by so-called S- and T-components (see Theo-
rems [3| and 4| below). An S-component is, in particular, a strongly-connected
S-net, where an S-net is the dual concept to a T-net: each transition has exactly
one input and one output place. In this way, S-nets cannot express concurrency
(since transitions can neither synchronize on multiple input places nor distribute
tokens to multiple output places). One immediate consequence is that the num-
ber of tokens in an S-component is invariant and, since the LBFC-system is live,
each S-component must contain at least one token. On the other hand, since
a home cluster can be reached from any reachable marking, it must intersect
all S-components (since in the marking of a home cluster all other places are
unmarked). Let us make these ideas precise.

Definition 19 (S-Net, S-System). A Petri net (P, T, F) is an S-net if every
transition has exactly one input and one output place, i.e., Vt € T: |ot] =1 =
[te]. A system (N, M) is an S-system if N is an S-net.

Definition 20 (S-Component, T-Component). Let N = (P,T,F) be a
Petri net. A subnet N[P’ U T’] induced by the sets P’ C P and TV C T is
an S-component of N if it is a strongly-connected S-net and contains every in-
put and output transition of a contained place, i.e., Vp € P': epUpe C T'. A
subnet N [P’ UT’] induced by the sets P’ C P and 7" C T is a T-component of
N if it is a strongly-connected T-net and contains every input and output place
of a contained transition, i.e., Vt € T': ot Ute C P’.

Proposition 3 (|12, Proposition 5.2 (2)]). Let (N, My) be a system and let
Ng = (P',T',F’) be an S-component of N. Then, for any two markings M €
[N, Mo) and M'" € [N, M), ZpeP/ M(p) = ZpePl M'(p).

Proposition 4 (|12, Proposition 5.12(2)]). Let (N, My) be a system and let
Nr = (P',T',F') be a T-component of N. Then, for any sequence of transitions
oeT™, (N,My)[o)(N, M) if and only if (N1, Mo|p')[o)(Nr, M|p/).
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Theorem 2 (Activation of T-Components |12, Theorem 5.20]). Let Ny =
(P, T',F") be a T-component of an LBFC-system (N, My) with N = (P,T,F).
There exists a firing sequence o € (T'\ T")* with (N, My)[o)(N, M) such that
(NT, M|p/) s live.

Theorem 3 (S-Coverability Theorem [12, Theorem 5.6]). Well-formed free-
choice Petri nets are covered by S-components.

Theorem 4 (T-Coverability Theorem |[12, Theorem 5.18]). Well-formed
free-choice Petri nets are covered by T-components.

Proposition 5. Let (N, My) be an LBFC-system and let C € [N]c be one of
its clusters. C' is a home cluster only if it intersects all S-components (and this
intersection contains precisely one place from the home cluster).

Proof. Let us assume that there is an S-component Ng = (P, T",F’) of N =
(P,T, F) that does not intersect the home cluster C, i.e., P’ N C = @. That
implies that the marking of the home cluster xcnp does not mark any places
in P’. By Proposition [3| the number of tokens within an S-component is stable.
Therefore, there is no possible marking M € N such that some place in P’ is
marked and C' is a home cluster of the system (N, M). Thus, if C is a home
cluster, (IV, My) cannot be live. This is a contradiction. Hence, C' is not a home
cluster if it does not intersect all S-components.

Now, of course an S-component cannot contain two different input places
from the home cluster (because then, it must contain a common successor tran-
sition as well, contradicting the definition of an S-net). Also, the intersection
cannot just contain a transition (since an S-component must contain some in-
put place of each contained transition and this input place is part of the home
cluster as well).

O

An immediate consequence is that an LBFC-system with a home cluster is safe:

Corollary 1. Let (N, M) be an LBFC-system with a home cluster. Then, (N, Mp)
is safe.

Definition 21 (Homing Sequence). Let (N, M) with N = (P,T,F) be a
system with a home cluster C C PUT and let M € [N, My) be some reachable
marking. A firing sequence o € T* enabled at M is a homing sequence if it
results in the marking of the home cluster, i.e., (N, M)[o)(N, xcrp)-

According to the definition of a home cluster (Definition , some homing se-
quence always exists. Next, we show the much stronger result that for every
marking a homing sequence can be constructed that contains at most one tran-
sition per cluster (in particular, it is of length at most |[N]c| —1). We call such
sequences elementary:

Definition 22 (Elementary Sequence). Let (N, M,) with N = (P, T,F)
be a system. A firing sequence o € T* is elementary if it contains at most

one transition per cluster and each transition ¢ € T occurs at most once, i.e.,
VteT: ZtE[t]c o(t) <1.
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Marking M
Home Cluster C

©
2\

Figure 3. Extension of the LBFc-system (N, Mo) with home cluster C' by a new tran-
sition ¢ ¢ T that reestablishes the marking M from the home cluster marking xcnp.

Proposition 6. Elementary firing sequences are biased.

In general, when we want to reach a blocking marking of a transition ¢, i.e., a
marking that only enables [t]¢, it might happen that, on our way, we encounter
markings that enable ¢ but also other clusters as well. For the home cluster,
however, this is not possible as the following theorem states.

Theorem 5 (|4, Theorem 5.5]). Let (N, My) be a free-choice system with a
home cluster C'. If all places of the home cluster C NP are marked at a reachable
marking M € [N, My), then they are the only places marked at M, i.e., VM €
[N, Mo): M > xcnp = M = xcnp-

As a last preparation, we require a result on the realizability of T-vectors in
T-systems. It states that in a live T-system it is possible to construct a firing
sequence that fires each transition exactly once (in some order).

Lemma 5 (|8 Theorem 5.31, [10, Theorems 6 and 7]). Let (N, M) with N =
(P, T,F) be a T-system. (N, M) is live if and only if xr is realizable, i.e., Jo €
T*: (N,M)[o) No = xr.

We are now ready to prove the main result of this section.

Theorem 6 (Shortest Homing Sequence Theorem). Let (N, M) with
N = (P,T,F) be an LBFC-system with home cluster C and let M € [N, M)
be a reachable marking. Then, there exists a homing sequence n € (T \ C)* from
M such that n is elementary and thus of length at most |[N]c| — 1.

Proof. Because C is a home cluster, there exists a sequence nn € (T'\ C)* enabled
in M and resulting in xcnp, i.e., (N, M)[n)(N, xcnp)-

We can extend N with a transition ¢ ¢ T such that e¢ = CNP and te = (M)
to retrieve the extended net N = (P, T U {t}, FU{(p,?) |p € CNP}U{(t,p)]|



414

415

416

417

418

419

420

421

422

423

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

442

443

444

445

446

447

448

449

450

451

452

453

454

455

Coming Home for Blocking Transitions Fast 13

p € (M)}) as shown in Figure [3| Because we only added a transition, [N, My) 2
[N, My) and because of = C' N P, N is still free-choice. Note that xcnp is a
home marking of (N, My) and also the only marking of (N, M) that enables the
home cluster. Since xcnp € [N, My), t is enabled in xonp and firing results in
M, i.e., (N, xcrnp)[t)(N, M). But, because M € [N, My), there are also no other
markings in (N, M) enabling the cluster of #. Hence, [N, My) = [N, M), and
(N, My) is also live and bounded and has a home cluster C U {t}.

Due to the well-formedness of N and Theorem there exists some T-
component Ny = (P',T", F') of N covering t, i.e., ¢ € T'. By Theorem [2| this
T-component can be activated by some firing sequence o € (TU{t})\T")*, i.e.,
Jo € (TU{t})\T")* with (N, My)[o)(N, M") such that (Nr, M’|p/) is live and
safe. Note that o is also a firing sequence enabled in (N, My), i.e., (N, Mp)[o).
Now, according to Proposition |4] there is also a firing sequence o’ € T'* en-
abled in M’ that results in some marking which enables #, i.e., (N, M')[o’(f)).

But, because of Theorem Xcnp = Xconp' is the only marking enabling t.
Hence, (N7, Xcnp/) is live and safe and firing £ results in M|p = M, i.e.,
(N1, xcnp)[t)(Nr, M|pr). _

Using Lemma we can infer that xp:\ 7 is realizable from M in N (because
X7 is realizable from xcnp) and results in the marking of the home cluster
Xcnp- Because our additional transition £ does not occur in XT/\{#}, it 1s also
realizable in N. Therefore, there exists a homing sequence n € (T'\ C)* such
that 7 = x7n (7} and because T" contains at most one transition of each cluster,
7 is elementary and the claim follows.

O

With this preparation, we can show how clusters can be disabled by elemen-
tary firing sequences in order to reach blocking markings.

Definition 23 (Blocking Marking). Let (N, My) with N = (P, T, F) be a
system. For some transition ¢t € T, a reachable marking M € [N, M) is a
blocking marking associated to t if ¢ is enabled in M, i.e., (N, M)[t), and every
other transition either shares all of its input places with ¢ or is not enabled in
M,ie,Vt' eT: (N,M)[t') = eot’ C ei.

Of course, in free-choice systems, blocking markings are associated to clusters
(due to the free-choice property either none or all transitions of a cluster are
enabled in a marking [cf. 12, Proposition 4.6]). Remarkably, in LBFC-systems,
blocking markings are unique:

Theorem 7 (Blocking Theorem |19, Theorem 3.1, [22, Theorem 2.4]). Let
(N, My) with N = (P,T,F) be an LBFC-system. Then, every cluster C' € [N]¢c
has a unique blocking marking M € [N, My) associated to it. Furthermore, M

is a home marking which can be obtained from any reachable marking without
firing a transition in C, i.e., YM' € [N, Mp): Jo € (T\C)*: (N, M")[o)(N,M).

A much more general property can be shown in presence of a home cluster:
the enabled transitions uniquely identify the current marking. This property was
termed lucency by the third author [cf. 4].
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Theorem 8 (|2, Theorem 3]). Let (N, My) with N = (P,T,F) be an LBFC-
system with a home cluster and let My, My € [N, My) be two reachable markings.
If My and My enable exactly the same transitions, i.e., {t € T | (N, My)[t)} =
{t e T| (N, My)[t)}, then My = Ms.

We are ready to prove the second main result of this section: in every marking
of an LBFC-system with a home cluster, it is possible to disable an arbitrary set
of clusters via an elementary firing sequence.

Theorem 9 (Disabling Cluster Theorem). Let (N, My) with N = (P, T, F)
be an LBFC-system with a home cluster C and let M € [N, My) be a reachable
marking. Furthermore, let C C [N]c be the set of all clusters enabled at M, i.e.,
C = {[tle € [Nle | (N,M)[t)}. For any non-empty subset of clusters C' C C,
C' # 0 there exists an elementary firing sequence o € (T \ C)* leading to a
marking M’ i.e., (N, M)[o)(N, M"), where only the clusters C' are enabled, i.e.,
{teT|(N,MNt)} =uC'NT.

Proof. First observe that for every (non-empty) C’ C C there can be at most
one marking M’ € [N, M) that enables exactly the clusters in C’. This follows
directly from Theorem [8| In particular, if ' = C we can choose o = () and the
claim follows.

Let us assume that C’ C C. First of all, note that [C| > 1 (because otherwise
we could not disable the single cluster). Therefore, C' ¢ C, because whenever the
home cluster is enabled, it is the only cluster enabled (see Theorem [5). Since
N is free-choice, the only way to disable a cluster in C \ C’ is to fire one of its
transitions. Let n € (T'\ C')* be an elementary homing sequence from M, which
results in the marking of the home cluster yonp. Here, only C' is enabled. In
particular, no transition of any cluster in C is enabled in xonp. Therefore, at least
one transition of every cluster in C occurs in 7). In fact, it is exactly one transition
of each cluster occurring exactly once in 7 because 7 is elementary. Also, there
cannot be other enabled clusters in [N]¢\ ({C}UC) of which no transition occurs
in 77 because then, the tokens enabling such an additional cluster would remain
in their places after firing 7 which contradicts Theorem [5| that after firing 7 only
the places of C' are marked.

The remainder of the proof is done by induction on the length of 7.

Base case: || = |C|. Then, every transition ¢ € (1) must be enabled. Because
firing 7 results in xcnp and every transition occurring in 7 is enabled, all of
their output places are in the home cluster and each transition has a different
set of output places, i.e., (n)e C CNP and Vt,t' € (n),t £t': teNt'e = (). Now,
we can use Lemmato move the transitions of C\ C’ occurring in 7 forward and
by firing them disabling all clusters in C \ C’. Without firing a transition from
C’, the home cluster cannot yet be enabled and therefore, we have reached M’.

Induction step: |n| > |C|. Now, for every cluster in C, there is exactly one
transition occurring in 7 that is enabled. As above, we can use Lemma [3] to
move the transitions of C\ C’ occurring in 1 forward and by firing them disabling
all clusters in C\ C’. This, however, might enable additional clusters C"” C [N]¢ \
({Cru(C\ ). In this case, take the remaining homing sequence 7|y cruer)nr
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with [1]ueruerynr| < |n] and proceed on C" UC" to disable the clusters in C”. If
no additional clusters have been enabled, we have already reached M’.
O

Corollary 2. Let (N, My) with N = (P, T, F) be an LBFC-system with a home
cluster C and let M € [N, My) be a reachable marking enabling the transitions
of some cluster C' € [N]c. Then, the blocking marking M’ associated to clus-

ter C' can be obtained by an elementary firing sequence n € (T \ C')*, i.e.,
(N, M)[n)(N, M").

5 Shortest Sequences in LBFC-Systems with Home
Cluster

We next establish the main result of the paper: we show that from every marking
in an LBFC-system with a home cluster and for every transition ¢, we can reach
the blocking marking associated to ¢ via a sequence of linear length. Actually,
we show something slightly stronger: every shortest sequence to the blocking
marking is of linear length. We further show that shortest sequences between
arbitrary pairs of reachable markings are of quadratic length. This improves
upon the best known upper bound of cubic length by the Shortest Sequence
Theorem of Desel and Esparza |12, Theorem 9.17]. Recall that LBFC-systems
with home cluster are safe, cf. Corollary 1] so the bound of the Shortest Sequence
Theorem yields O(n3) where n denotes the number of transitions.

Our strategy is as follows. Since we already saw that we can disable clusters
via elementary firing sequences, it would be sufficient to show that we can enable
a single cluster via an elementary sequence as well. If we then combine the
enabling and disabling sequences, we obtain a sequence which visits each cluster
at most twice, i.e., a sequence of linear length. To this end, let us introduce the
generalized notion of k-elementary firing sequences.

Definition 24 (k-Elementary Firing Sequence). Let (N, M) with N =
(P,T,F) be a system. A firing sequence o € T* is k-elementary if at most k
transitions for each cluster occur in o, ie., Vt € Tt 37,y o(t) < k.

Note that a 1-elementary firing sequence is just an elementary firing sequence.
Furthermore, let enc(M) denote the set of clusters enabled at marking M, i.e.,

enc(M) = {C € [N]c |3t € CNT: (N, M)[t)}.

Thus in order to establish our result, it suffices to show that every shortest
firing sequence to a blocking marking is 2-elementary. To this end, we show that
if a shortest sequence would vist some cluster more than twice, then we could
rearrange it into a shorter sequence which reaches the blocking marking as well
(of course, this is impossible when we started with a shortest sequence). Our
main technical tool is the following lemma which allows us to rearrange firing
sequences by expediting transitions (this approach resembles proof ideas used in
the work on lucency [cf. [4]).
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Lemma 6. Let (N, My) with N = (P,T,F) be a free-choice system and let
o € T* be a firing sequence from My to some reachable marking M, i.e.,

(N, My)[o)(N, M), of the form:
o = o1(t)oa,

for some transition t € T and firing sequences o1,09 € T*. Furthermore, let
M be the marking reached after firing o1 from My, i.e., (N, My)[o1)(N, My).
Then, by expediting transitions from oo, we can rearrange o into a firing sequence
o' € T* with (N, My)[o")(N, M) of the form:

o' = oy (t)os,
such that:

— o' =o,

— o4 < o3, and

— for the marking M/ reached after firing o} from My, i.e., (N, My)[o})(N, M7),
it holds that enc(Mj) C enc(M) U [t]c.

Proof. We proceed by induction on |oz|. If |o2| = 0, we can set 0] = o1 and
0% = o9 and the claim readily follows for M| = M;.

Otherwise, let § = |enc(M1) \ (enc(M) U [t]¢)|. If 6 = 0, we can set o} = 01
and o) = o9 and the claim follows for M{ = M. So assume that 6 > 0. Then
there exists some transition ¢p which occurs in o9 for some cluster D = [tp|c €
enc(Mq)\ (enc(M)UJt]¢) (since the cluster D is not enabled at M and cannot
be disabled by firing ¢, and since 6 > 0 such cluster exists). Pick the first such
transition ¢p which occurs in o9, i.e., write o9 = 71 (tp)72 where 71 only contains
transitions ¢’ such that [t']|c ¢ enc(My) or [t']¢ € enc(M) U [t]c. Now, we can
move tp forward in front of ¢. Formally, let:

new __
— o1 = o1(tp),
— 05 =T1To.

First, we observe that
0" = o1 (1)o3 " = (01 (t0)) () (i)

is a valid firing sequence from M to M. Clearly, tp is enabled at M7, the marking
reached after firing o7 from My, just by the choice of tp. Moreover, firing tp
cannot disable ¢ since [tp]c # [t]c. Moreover, every transition ¢ € (7q) also
has the property that [t'|¢ # [tp]c. This is because [t']¢ ¢ enc(My) or [t']c €
enc(M)U[t]c while [tplc € enc(Mi)\ (enc(M)UJt]c). Hence, firing ¢ p cannot
disable any transition in 7;. Hence, o7 (t)7y is a valid firing sequence from M,
to some marking M’. Since with the (permuted) orginal sequence o1 (t)71 (tp)
we also reach M’, it follows that c™¢¥ is a valid firing sequence from My to M.

We have |05°"| < |o2|. Hence, by the induction hypothesis, we can rearrange

o™ = g7 (tyoh®™ into a firing sequence o’ = o} (t)oh such that:
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573 - UIZO'"ew:U,

su  — 0h < oy < o, and

ss  — for the marking M reached after firing o} from My, i.e., (N, My)[o}) (N, M),
576 it holds that enc(Mj) C enc(M) U [t]c.

s7 This concludes the proof (just pick o, ob, and M to satisfy the claim).
O

ss  Theorem 10 (Shortest Sequences to Blocking Markings). Let (N, M)
sn with N = (P,T,F) be an LBFC-system with a home cluster. Let M € [N, M)
s0  be a reachable marking, let t € T be some transition, let B € [N, My) be the
sei unique blocking marking associated to the cluster [t]c, and let o € (T \ [t]c)*
sz be a shortest firing sequence from M to B, i.e., (N,M)[o)(N,B). Then, o is
ss  2-elementary. In particular, |o| < 2-|T.

ssa  Proof. Assume that, to the contrary, o was not elementary. Then o can be
ses written as:

o = n(t1)7T1(t2)2(t3) 73,

s with t1,%9,t3 € T from the same cluster, i.e., D = [t1]c = [t2]c = [t3]c, and
se7 where n), 71,72, 73 € (T\[t]c)* are firing sequences not visiting the cluster [¢]¢. Let
sss M7 be the marking reached after firing 7 from M, i.e., (N, M)[n)(N, M7), let Mo
s.0  be the marking reached after firing (¢;)7 from My, i.e., (N, My)[{t1)71) (N, M),
so and let M3 be the marking reached after firing (t2) 72 from Ma, i.e., (N, My)[(ta)m2) (N, M3).
si  Of course, (N, M3)[(t5)73)(N, B). In summary, we have the following situation:
(t1)m

(t2)72 (ts)7s

M L My Mo M B.

502 We now expedite transitions starting at Mz using Lemma [6] More precisely,
s we apply Lemma |§| to last part of the sequence o (where we fix t3 as ¢ in the
s« lemma):

(t2)72 (ts)7s

Mo, B

M3

sos  This yields a rearranged firing sequence from M to B of the form:

sos  such that enc(M5) C DU [t]e (in particular, at most two clusters are enabled
s at MJ). Of course, if enc (M) = [t]c, then by Theorem [8| we must have M} =
ss B and we could skip firing (t3)74 contradicting the minimality of o. Hence,
so  enc(M4) = DU [t]e (note also that D # [t]¢, because o does not visit [t]¢ by
s00 assumption).

601 We now repeat the same process of applying Lemma [f] to the part between
o2 M; and Mj, i.e., to the subsequence:

(t1)m1 (ta)7)

M M, M},
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We end up with a rearranged firing sequence from M; to M} of the form:

]\41 (t1)] Mé (t2)7y M?/),

such that enc(M4) € DU enc(M4) = DU [tlo. Again, if enc(M5) = enc (M),
then M} = M} by Theorem |8 and we could skip firing (t2)74 contradicting the
minimality of o. Hence, enc(M4) = D.

For one last time, we apply Lemma |§| to the part between M and M), i.e.,
to the subsequence:

M2 0T

to obtain a rearranged firing sequence from M to M} of the form:

VLA VIR A Vig
such that enc(M]) C DUenc(M4) = D. Since enc(M]) # (), we have enc(M7) =
D. Hence, by Theorem [8| we have M| = M/ and we could skip firing (¢1)7{ con-
tradicting the minimality of o.

It turns out that our proof generalizes from blocking markings to arbitrary
reachable markings. In general, we can show that in shortest sequencens, we can
visit each cluster at most k 4 1 times where k is the number of clusters enabled
at the target marking. This yields a quadratic bound on the length of shortest
sequences between arbitrary pairs of reachable markings.

Theorem 11 (Shortest Sequences are k+1-elementary). Let (N, M) with
N = (P,T,F) be an LBFC-system with home cluster. Let M € [N, My) be a
reachable marking with k enabled clusters, i.e., |enc(M)| = k. Moreover, let
o € T* be a shortest firing sequence from My to M, i.e. (N, My)[o)(N,M), and
there is no subsequence n € T*, n < o, satisfying (N, Mo)[n)(N,M). Then o is
(k 4+ 1)-elementary.

Proof. For sake of illustration, let us first consider the case k = 1 (this is pretty
much analgous to the proof of Theorem except for that the sequence o
might now contain a transition from the cluster which is enabled at the target
marking M). So let us assume that for some cluster D the shortest sequence o
from My to M fires more than two transitions from D. Then, write o as:

o = oo{t1)o1{ta)oa(t3)03,

for some transitions t1,t2,t3 € D and firing sequences o1, 09,03 € T*. First, we
use Lemma [6] to rearrange o3 (t3)03 in such a way that after firing o (t1)01 (t2)02
we reach a marking M3 which satisfies enc(M3) C [D]e U enc(M) (note that
since k = 1, only one cluster different from D can be enabled at Ms). We
now apply Lemma |§| again to rearrange o1 (t2)o9 in such a way that after firing
oo(t1)o1 we reach a marking My which satisfies enc(Msz) C [D]c U enc(Ms) =
enc(Ms). Now, if enc(Ms) = enc(Ms), then My = Mz by Theorem [§] and we
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could skip firing ()09 contradicting the minimality of o. Hence, enc(Ms) C
enc(Ms). We repeat the same process one last time to rearrange o (t1)o in such
a way that after firing oy we reach a marking M; which satisfies enc(M;) C
[D]c U enc(Ms) = enc(Ms). Again, if enc(My) = enc(Ms), then My = My
by Theorem [§| and we could skip firing (t1)o1 contradicting the minimality of o.
Hence, enc(M;) C enc(Ms).

However, since enc(Mi) C enc(Mz) C enc(Ms) C [D]c U enc(M) and
|enc(M)| = 1, we have reached a contradiction and thus o must be 2-elementary.

For the general case where k > 1 we proceed analogously. Assume that for
some cluster D a shortest firing sequence o from Mj to M fires more than k+ 1
transitions from D. Then, we write o as:

o =oo(t1)o1(t2)o - (trt1)0kt1 (tkt2)Okt2,

for transitions tq,ts,...,tk+2 € D and firing sequences o1,09,...,054+2 € T*.
We now use Lemma [6] to rearrange opy1(tpt2)0kto in such a way that af-
ter firing og(t1)o1{ta)oa - (tg)ok(tk+1)0k+1 we reach a marking My o with
enc(My12) C [D]cUenc(M). We proceed by rearranging o (tx11)0k+1 in such
a way that after firing og(t1)o1(t2)os - (tk—1)0k—1(tx)or we reach a marking
My.+1 which satisfies enc(Mg+1) C [D]e U enc(Mgy2) = enc(Myy2). As ar-
gued before, if enc(Myy1) = enc(Miy2), then M1 = Myy2 by Theorem
and we could skip firing (tg4+1)0k+1 contradicting the minimality of o. Hence,
enc(My11) C enc(My42). We repeat the same process another step to rearrange
ok—1(tr)or in such a way that after firing o (t1)o1(t2)og - - - (tr—2)ok—2{tp—1)0k—1

we reach a marking M}, which satisfies enc(My) C [D]cUenc(Mi41) = enc(Mgy1).

Again, if enc(My) = enc(Mygi1), then My = My, by Theorem [§ and we
could skip firing (tx)o) contradicting the minimality of o. Hence, enc(My) C
enc(My41).

By repeating the same line of argument, we obtain a sequence of markings
Ml, MQ, ey Mk+2 such that:

enc(My) C enc(Ms) C -+ C enc(Mgy2) C [D]e U enc(M).

Since |enc(M)| = k, we have reached a contradiction and thus ¢ must be (k+1)-
elementary.

An immediate consequence of the previous theorem is a quadratic upper
bound on the length of shortest firing sequences in LBFC-systems with home
cluster.

Corollary 3 (Shortest Sequences in LBFC-systems with Home Clus-
ter). Let (N, My) with N = (P, T, F) be an LBFC-system with home cluster. Let
M € [N, My) be a reachable marking. Moreover, let o € T* be a shortest firing
sequence from Mo to M. Then |o| < |[N]c| - |T| < |T|%.

Let us remark that our arguments in this section heavily relied on Theorem 3]
which, in turn, only holds for LBFC-systems with a home cluster.
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6 Conclusion

This year not only marks the 100th anniversary of Carl Adam Petri, but also
the 31st anniversary of the Shortest Sequence Theorem by Desel and Esparza
|12, [13] providing a cubic bound as best known upper bound for shortest firing
sequences in LBFC-systems.

In this paper, we have proved that this cubic bound can be improved to a
quadratic one in the presence of a home cluster (Theorem . Moreover, in one
of our main results (Theorem , this cubic bound can be further improved
to a linear one for reaching blocking markings. Our results shed new light on
the structure of LBFC-systems with home cluster that can prove useful for al-
gorithmic analysis techniques. For example, in algorithmic contexts where we
need to construct firing sequences instead of only deciding reachability, our re-
sults provide much better worst-case guarantees. Along the way, we obtained
several results of independent interest that might prove useful in future research
on free-choice systems. For example, we showed that from every marking, the
home cluster can always be reached via an elementary firing sequence, i.e., a
firing sequence that contains at most one transition from every cluster (Theo-
rem @ A consequence is that an arbitrary set of enabled clusters can always be
disabled via an elementary sequence as well (Theorem E[) To mention just one
immediate application, this shows that the edit distance between a trace and a
sound free-choice workflow net is at most linear (in the length of the trace and
the number of transitions of the net). This upper bound can be used in order to
improve heuristics for conformance checking in process mining, for example, for
alignment computations [9).
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